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Prior work (classical simulation)

Mathematics: constructive QFT, 

Physics

lattice QFT [3], tensor networks 

[4,5]

[1] M. R. Douglas, Proc. Symp. Pure Math., 85 (2012)

[2] see, e.g., M. E. Peskin and D. V. Schroeder, An introduction to quantum field theory (1995) 

[3] see, e.g., M. Creutz, Quarks, gluons and lattices (1985)  

[4] F. Verstraete and J. I. Cirac, Phys. Rev. Lett. 104, 190405 (2010)   

[5] J. Haegeman, TJO, H. Verschelde, and F. Verstraete, Phys. Rev. Lett. 110, 100402 (2013) 





Statics 
simulated (classically)

Dynamics of QFT?

Classically hard! 

E.g., sign problem



Quantum information era:

Quantum simulation 

evades the sign problem



Prior work (quantum simulation)

• Gauge theories [1]

• Gaugelike theories (e.g. link models) [2]

• 𝜙4 theory [3]

• Fermionic theories and beyond [4,5]

[1] T. Byrnes and Y. Yamamoto, Phys. Rev. A 73, 022328 (2006)

[2] M. C. Bañuls et al, Eur. Phys. J. D 74, 165 (2020)

[3] S. P. Jordan, K. S. M. Lee, J. Preskill, Science 336, 1130 (2012) 

[4] S. P. Jordan, K. S. M. Lee, J. Preskill, arXiv:1404.7115 (2014)

[5] J. Preskill, LATTICE2018. arXiv:1811.10085 (2018) 



What does it even mean to 

• Identify masses of particles?
• Reproduce some correlators?
• Produce approx. to ground state?
• Approximate the S matrix?
• Simulate Poincare/conformal 

group with error bounds 



𝑒−
𝑖
2
𝜔𝜇𝜈 መ𝐽

𝜇𝜈

∼



Simulate QFT with error 

bounds ∼
mathematically 

rigourous QFT 



Notoriously difficult! 

you might think

https://www.claymath.org/millennium-

problems/yang%E2%80%93mills-and-mass-gap



KINEMATICS



~
?

𝜓Field ∼ |𝜓Discrete〉



Wilsonian QFT: adjust a regulated 

theory by increasing cutoff while 

preserving low-energy predictions

K.G. Wilson, The renormalization group: critical phenomena and the Kondo problem, Rev. Mod. Phys. 47, 4, 773 (1975)



Regulated theories = lattice models

𝜖



Continuous (scaling) limit:

Let 𝜖 → 0, thus 𝜉 → ∞

fix large-scale n-pt correlation 

functions



QFT = 2nd order quantum 

phase transition



Effective QFT:

• Pick 𝜖 as small as you can

• Regulated theory is in some 

“convergent” sequence (which one?)

• (Universality)



Operator Algebraic 

Renormalization (OAR)

[0] M. S. Zini and Z. Wang, arXiv:1706.08497 (2017) 

[1] TJO, arXiv:1901.06124 (2019)

[2] A. Brothier and A. Stottmeister, arXiv:1907.05549 (2019)

[3] A. Stottmeister, V. Morinelli, G.Morsella, and Y. Tanimoto, arXiv:2002.01442 (2020) 

[4] V. Morinelli, G.Morsella, A. Stottmeister, and Y. Tanimoto, arXiv:2010.11121 (2020)

[5] TJO and A. Stottmeister, arXiv:2107.13834 (2021)

[6] TJO and A. Stottmeister, arXiv:2109.14214 (2021) 

arXiv:1901.06124



𝜖

ℋ𝑛 ≡ ℂ𝑑
⊗𝑛

𝜖𝑛 = 𝐿



ℎ𝑗,𝑗+1

𝐻(𝜖) =

𝑗

ℎ𝑗,𝑗+1(𝜖)

ℎ𝑗−1,𝑗 ⋯⋯

This is important!



𝐻 𝜖 → a sequence 

of ground states 

(depending on 𝑛 and 𝜖):

𝜔𝜖 ⋅ ≡ ⟨Ω𝜖| ⋅ |Ω𝜖〉



Choose dyadic sequence 𝑁
of scales, where 𝑛 = 2𝑁+1

𝐻0
(𝑁)

≡ 𝐻 𝜖 = 2−𝑁



𝑁 + 1

𝑁

⋯

IR

𝑛 = 2𝑁+1

UV ℋUV

ℋIR

ℋ𝑁+1

ℋ𝑁

𝜔𝑁+1

𝜔𝑁



Continuum limit: need to 

compare states at 

different scales 

(convergent sequence)



ℰ𝑁1
𝑁2 𝜌 𝑁2 = 𝜌 𝑁1

Coarse graining:

ℰ𝑁1
𝑁2

𝜌 𝑁2

𝜌 𝑁1



ℰ𝑁1
𝑁2

𝑁2>𝑁1

Renormalization Group (RG):

Schrödinger picture



𝔄𝑁 ≡ 𝑀𝑑 ℂ
⊗𝑛

Observables (at scale 𝑁):

𝑀𝑑 ℂ : observable algebra at site j

𝑛 = 2𝑁+1



𝛼𝑁2
𝑁1: 𝔄𝑁1 → 𝔄𝑁2

Heisenberg picture:

𝛼𝑁2
𝑁1



𝛼𝑁2
𝑁1

𝑁2>𝑁1

Renormalization Group (RG):

Heisenberg picture

where 𝛼𝑁3
𝑁2 ∘ 𝛼𝑁2

𝑁1 = 𝛼𝑁3
𝑁1 and 

𝛼𝑁
𝑁 = ℐ𝑁

𝑁.



Heisenberg picture RG:

𝛼𝑁2
𝑁1

𝑁2>𝑁1
, with 𝛼𝑁3

𝑁2 ∘ 𝛼𝑁2
𝑁1 =

𝛼𝑁3
𝑁1 and 𝛼𝑁

𝑁 = ℐ𝑁
𝑁 :

Inductive system of 

operator algebras 𝔄𝑵



𝛼𝑁2
𝑁1

𝑁2>𝑁1

Continuum Limit Input:

𝔄𝑁,ℋ𝑁, 𝐻0
(𝑁)

𝑁

and



𝐻0
𝑁

𝑁

𝜔1
(𝑁−1)

𝜔1
(𝑁−1)

= ℰ𝑁
𝑁−1(𝜔0

(𝑁)
)

𝜔2
(𝑁−2)

𝜔2
(𝑁−2)

= ℰ𝑁
𝑁−2(𝜔0

(𝑁)
)

𝜔3
(𝑁−3)

𝜔3
(𝑁−3)

= ℰ𝑁
𝑁−3(𝜔0

(𝑁)
)

⋮

𝜔0
(𝑁)

|Ω0
(𝑁)

⟩



:

𝜔2
(𝑁)

𝜔2
(𝑁+1)

𝜔1
(𝑁)

𝜔1
(𝑁+1)

𝜔1
(𝑁+2)

𝜔0
(𝑁)

𝜔0
(𝑁+1)

𝜔0
(𝑁+2)

𝜔0
(𝑁+3)

𝜔3
(𝑁)

𝜔∞
(𝑁)

𝜔∞
(𝑁+1)

𝜔∞
(𝑁+2)

𝜔∞
(𝑁+3)

⋯

⋯

⋯

⋯



𝜔∞
(𝑁)

= lim
𝑀→∞

𝜔𝑀
(𝑁)

Scaling limit state (at scale 𝑁):



ℰ𝑁1
𝑁2 𝜔∞

𝑁2 = 𝜔∞
(𝑁1)

Invariance under RG:



𝜔∞
(∞)

= lim
𝑁→∞

𝜔∞
𝑁

Continuum limit:



𝐻0
(𝑁)

= −

𝑗

𝜎𝑗
𝑧

Trivial example:

|Ω0
(𝑁)

⟩ = 0 0 ⋯ |0⟩



𝛾 𝐴 ≡
1

2
(𝐴 ⊗ 𝕀 + 𝕀⊗ 𝐴)

Trivial example:

𝛼𝑁+1
𝑁 ≡ 𝛾 ⊗ 𝛾⊗⋯⊗ 𝛾



Trivial example:

• We find: |Ω𝑀
(𝑁)

⟩ = 0 0 ⋯ |0⟩

• Therefore scaling limit is pure: 

|Ω∞
(𝑁)

⟩ = 0 0 ⋯ |0⟩



Scaling Limit (at scale 𝑁):

• Existence is hard

• Depends on 𝐻0
(𝑁 )

, 𝛼𝑁2
𝑁1

𝑁2>𝑁1

• Only proven (so far) for free 

fermions, bosons, selected 

spin systems  



𝐻0
(𝑁)

=
1

𝜖𝑁

𝐿

2𝜋


𝑗

𝜎𝑗
𝑧𝜎𝑗+1

𝑧 − 𝜎𝑗
𝑦
𝜎𝑗+1
𝑦

+ 𝜆𝑁𝜎𝑗
𝑥 + B.C.s

Nontrivial example:

[1] T. J. Osborne and A. Stottmeister, arXiv:2109.14214 (2021)



DYNAMICS



CFT Dream: find a unitary 

action of  conf(ℝ1,1) 



conf(ℝ1,1) ≅
diff+(𝑆1) × diff+(𝑆1)



𝑓(𝑥)

diff+(𝑆1): reparametrizations 

of  circle under composition



diff+(𝑆1): conformal mapping 

of  disc

𝑓(𝑥)



𝑓 𝑥 ≈ 𝑥 + 𝜖𝑓′(𝑥)

Virasoro (Witt) algebra:

infinitesimal reparametrizations



𝑓 𝑥 ≈ 𝑥 + 𝜖𝜓(𝑥)

Virasoro (Witt) algebra:

infinitesimal reparametrizations



𝜓 𝑥 = 𝑖
𝜖

2𝜋


𝑛

𝜓𝑛 e
𝑖𝑛𝑥

Virasoro (Witt) algebra:

infinitesimal reparametrizations



𝑈 𝑥 + 𝜖cos(𝑛𝑥) ≈ 𝕀 −
𝑖

2
𝜖(𝐿𝑛 + 𝐿−𝑛)

Virasoro algebra: (projective) 

unitary representations

𝑈: diff+ 𝑆1 → ℋ



𝐿𝑛, 𝐿𝑚 = 𝑛 −𝑚 𝐿𝑛+𝑚 +
𝑐

12
𝑛 𝑛2 − 1 𝛿𝑛+𝑚,0

Virasoro algebra: (projective) 

unitary representations



𝐻 = න
0

2𝜋

ℎ 𝑥 𝑑𝑥

Nonuniform hamiltonians:

𝐻[𝑣] = න
0

2𝜋

𝑣(𝑥)ℎ 𝑥 𝑑𝑥



𝐻 = න
0

2𝜋

ℎ 𝑥 𝑑𝑥

Hamiltonian density modes:

ℎ(𝑘) = න
0

2𝜋

𝑒𝑖𝑘𝑥ℎ 𝑥 𝑑𝑥



Hamiltonian modes = Virasoro:

ℎ 𝑘 = 𝐿𝑘 + 𝐿−𝑘 −
𝑐

12
𝛿𝑘,0



𝑓 𝑥 ≈ 𝑥 + 𝜖

Virasoro algebra: shifts

𝑈 𝑥 + 𝜖 ≈ 𝕀 − 𝑖𝜖𝐿0



Problem: diff+(𝑆1) is 

incompatible lattice 

discretisation



Koo−Saleur:

𝐻𝑘
(𝑁)

= 𝜖𝑁
𝐿

2𝜋


𝑗

𝑒𝑖𝑗𝑘ℎ𝑥
(𝑁)

𝐿𝑘
(𝑁)

=
1

2
𝐻𝑘
(𝑁)

+
𝜋𝜖𝑁

2𝐿 sin(
1
2
𝜖𝑁 𝑘)

𝐻𝑘
(𝑁)

, 𝐻0
(𝑁)

+
𝑐

24
𝛿𝑘,0

[1] W. M. Koo, H. Saleur, Nucl. Phys. B 426, 459 (1994).



Koo−Saleur action (scaling limit):

𝛼𝑁2
𝑁1

𝑁2>𝑁1
𝔄𝑁,ℋ𝑁, 𝐻0

(𝑁)

𝑁

𝜏𝑡;𝑘
𝑁

⋅ ≡ 𝑒𝑖𝑡𝐿𝑘
𝑁

(⋅) 𝑒−𝑖𝑡𝐿𝑘
𝑁

𝜏𝑡;𝑘
∞

⋅



• Kinematics of  QFT (OAR)

• Simulating dynamics (conf)

• Realisation on the lattice 

(Koo-Saleur)


