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Why using TNS/MPS for LGT?

spectral calculations

finite temperature

real-time

chemical potential

In this talk…

testbench: 
Schwinger model



States appearing in Nature are peculiar

WHY SHOULD TNS BE 
USEFUL?

State at random from 
Hilbert space is not 

close to product

We look for the 
particular “corner” of 

the Hilbert space

H

naturally
appearing

• TNS = Tensor Network States



Which properties characterize ground states of relevant 
Hamiltonians?

FINDING A GOOD ANSATZ

Area law
local gapped Hamiltonians 

have ground states
with little entanglement

A

B

Hastings 2007SA
max

/ |@A|
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Which properties characterize ground states of relevant 
Hamiltonians?

FINDING A GOOD ANSATZ

Area law
local gapped Hamiltonians 

have ground states
with little entanglement

A

B

Hastings 2007

in 1D critical systems, 
logarithmic corrections

Calabrese, Cardy 2004

Wolf 2006

SA
max

/ |@A|
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FINDING A GOOD ANSATZFINDING A GOOD ANSATZ

MPS and PEPS satisfy 
the area law by 
construction

TNS = entanglement based 
ansatz

Area law

A

B



OTHER TNS

TNS = entanglement based 
ansatz



violate area law logarithmically (in 1D)

efficient contraction

isometries

Shi, Duan, Vidal, PRA 2006

TTS

MERA
unitary

disentanglers

isometries

coarse
graining

Vidal PRL 2007
Evenbly, Vidal, PRB2009



in principle, they can all be used for 
LGT simulations

start with the simplest case: 1D (1+1) 
LGT

TNS  
toolbox

Instructions



MPS



MPS PROPERTIES
MPS

good approximation of ground states
Verstraete, Cirac, PRB 2006
Hastings, J. Stat. Phys 2007

gapped finite range Hamiltonian ⇒ 
area law (ground state)

efficient calculation of expectation values
exponentially decaying correlations

can be prepared efficiently

Cramer, Eisert, Plenio, RMP 2009

• MPS = Matrix Product States



ALSO FOR OPERATORS



MPO

Same kind of 
ansazt for 
operators

M̂ =
�

i1,j1...iN ,jN

tr(M i1j1
1 M i2j2

2 . . .M iN jN

N )|i1 . . . iN ��j1 . . . jN |

• MPO = Matrix Product Operator

mixed states, 
andH U(t)

efficient exact MPO representation for local, NN, ...



MIXED STATES
• MPDO = Matrix Product Density Operator

Use for density operators
need some 
properties

tr� = 1� = �† � � 0

� =
�

i1,j1...iN ,jN

tr(M i1j1
1 M i2j2

2 . . .M iN jN

N )|i1 . . . iN ��j1 . . . jN |

can we impose them locally?



MIXED STATES
• MPDO = Matrix Product Density Operator

tr� = 1� = �† � � 0

� =
�

i1,j1...iN ,jN

tr(M i1j1
1 M i2j2

2 . . .M iN jN

N )|i1 . . . iN ��j1 . . . jN |

can we impose them locally?

need some 
properties

�S = trA|�SA���SA|

purification

in a way
Verstraete et al., PRL 2004
Zwolak and Vidal, PRL 2004



WHAT CAN WE DO WITH 
THEM?



H =

BASIC ALGORITHMS
variational minimization of energy 

apply local operators → simulate time evolution  
               imaginary time → ground state

local 
Hamiltonian

|E0� �

thermal state

ground state 
excitations

alternatively: TDVP



REGARDING DYNAMICS



TEBD
t-DMRG

alternatively: TDVP Haegeman et al, PRL 2011

BASIC ALGORITHMS
Simulate time evolution

Verstraete, García-Ripoll, Cirac, PRL 2004
Vidal, PRL 2003, 2004

U(t) ! [U(�)]M
apply evolution step

H = H
e

+H
o

U(�) = e�iH
e

�e�iH
o

� Suzuki-Trotter



Entanglement growth in non-equilibrium 
scenarios limits the applicability of MPS



ALSO FOR MIXED STATES



MIXED STATES
• MPO = Matrix Product Operator

Similar problems can be attacked

imaginary time evolution

unitary �(t) = U(t)�(0)U(t)†

non-unitary d�(t)
dt

= L(�)

equilibrium → thermal states

time-dependent → real time evolution

Verstraete et al., PRL 2004
Prosen,  Znidaric PRL 2008
Cai, Barthel, PRL 2013,...



TNS FOR LGT???



Motivation for LGT: QCD

non perturbative at low energy
Wilson, 1974

limitations: time, finite density
successful spectral calculations

LQCD



TNS LGT

Extremely successful for 
1D systems (MPS)
Promising improvements 
for higher dimensions

ground states
low-lying excitations
thermal states
time evolution

Non-perturbative for 
Hamiltonian systems

Non-perturbative way of 
solving QFT (QCD)
Mostly path-integral 
formalism & MC

spectrum
finite T
big 3+1 dimensional
chemical potential
time evolution

4D lattice

WHY?



How can we use TNS for LGT?



USING TNS FOR QMB
a formal approach 

numerical algorithms 

classifying tensors
constructing states

Chen et al PRB 2011
 Schuch et al PRB 2011

Wahl et al PRL 2013; Yang et al PRL 2015
Haegeman et al, Nat. Comm. 2015

great descriptive power: phases, 
topological chiral states, anyons...

tensor networks describe 
partition functions (observables)

need to contract a TN
TRG approaches

Nishino, JPSJ 1995
Levin & Wen PRL 2008

 Xie et al PRL2009; Zhao et al PRB 2010

TNS as ansatz for the state
efficient algorithms for GS, low 
excited states, thermal, dynamics

White PRL 1992; Schollwöck RMP 2011
Vidal PRL 2003; Verstraete et al PRL 2004

Verstraete et al Adv Phys 2008; Orús Ann Phys 2014 

no sign problem



USING TNS FOR LGT
a formal approach 

numerical algorithms 

gauging the symmetry
explicitly invariant states

Tagliacozzo et al PRX 2014
 Haegeman et al PRX 2014
Zohar et al Ann Phys 2015

general prescriptions, U(1), SU(2)

tensor networks describe 
partition functions (observables)

TRG approaches to classical 
and quantum models

Liu et al PRD 2013
Shimizu, Kuramashi, PRD 2014

Kawauchi, Takeda 2015

TNS as ansatz for the state

next...

no sign problem



Related: proposals for quantum simulation of 
LGT with ultracold atoms

Zohar et al. PRL 2010, 2012 ,
Tagliacozzo et al., Nat. Comm. 2013
Banerjee et al., PRL 2012

Rico et al. PRL 2014
Pichler et al, PRX 2016
Zohar, Burrello, PRD 2015(
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)
<latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit><latexit sha1_base64="/o+g6hU8+rkN1Lh44yZrrGOELVY=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoOgl7ArPm9BLx4TMImQLGF20knGzM4uM7NCWPIFXjwo4tVP8ubfOElWiKIFDUVVN91dQSy4Nq776eQWFpeWV/KrhbX1jc2t4vZOQ0eJYlhnkYjUXUA1Ci6xbrgReBcrpGEgsBkMryd+8wGV5pG8NaMY/ZD2Je9xRo2VakedYsktu1OQOXLqepdnHvEypQQZqp3iR7sbsSREaZigWrc8NzZ+SpXhTOC40E40xpQNaR9blkoaovbT6aFjcmCVLulFypY0ZKrOT6Q01HoUBrYzpGagf3sT8S+vlZjehZ9yGScGJZst6iWCmIhMviZdrpAZMbKEMsXtrYQNqKLM2GwKNoTvT8n/pHFc9tyyVzspVa6yOPKwB/twCB6cQwVuoAp1YIDwCM/w4tw7T86r8zZrzTnZzC78gPP+BY2LjMM=</latexit>



TNS as ansatz for physical states
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string breaking dynamics
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other models in 
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finite density
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2+1 dimensions



SCHWINGER MODEL AS 
LABORATORY



Simplest gauge theory with matter

QED in 1+1 dimensions

Shows some of the features of full QCD

Schwinger ’62

confinement → bound states (massive bosons)

fermion condensate  

electrons & photons

A testbench for lattice techniques

SCHWINGER MODEL



SCHWINGER MODEL
L = �̄(i�µ�µ � g�µAµ �m)�� 1

4Fµ�Fµ�

in 1+1 D single adimensional parameter m/g

Fµ⌫ = @µA⌫ � @⌫Aµ
<latexit sha1_base64="8bDOqZ4WiS8raKQErvu6LtktYHw="></latexit><latexit sha1_base64="8bDOqZ4WiS8raKQErvu6LtktYHw="></latexit><latexit sha1_base64="8bDOqZ4WiS8raKQErvu6LtktYHw="></latexit><latexit sha1_base64="8bDOqZ4WiS8raKQErvu6LtktYHw="></latexit>

{�µ, �⌫} = 2�µ⌫
<latexit sha1_base64="I7RWTg9TUVLxK8V1DpJt4tqpCs8=">AAACF3icdVDLSgMxFM34rPVVdekmWAQXMmSKry6EohuXFWwrdIaSSdMaTDJDkhHKMH/hxl9x40IRt7rzb8y0o6jogQsn59xL7j1hzJk2CL07U9Mzs3PzpYXy4tLyymplbb2to0QR2iIRj9RliDXlTNKWYYbTy1hRLEJOO+H1ae53bqjSLJIXZhTTQOChZANGsLFSr+L6qT/EQuBe6osk2/16yCTzs+Oa36fcTMxc6lWqyEVjQOTW9lH9KCf7yKsfeNArrCoo0OxV3vx+RBJBpSEca931UGyCFCvDCKdZ2U80jTG5xkPatVRiQXWQju/K4LZV+nAQKVvSwLH6fSLFQuuRCG2nwOZK//Zy8S+vm5jBUZAyGSeGSjL5aJBwaCKYhwT7TFFi+MgSTBSzu0JyhRUmxkZZtiF8Xgr/J+2a6yHXO9+rNk6KOEpgE2yBHeCBQ9AAZ6AJWoCAW3APHsGTc+c8OM/Oy6R1yilmNsAPOK8f/cGhEw==</latexit><latexit sha1_base64="I7RWTg9TUVLxK8V1DpJt4tqpCs8=">AAACF3icdVDLSgMxFM34rPVVdekmWAQXMmSKry6EohuXFWwrdIaSSdMaTDJDkhHKMH/hxl9x40IRt7rzb8y0o6jogQsn59xL7j1hzJk2CL07U9Mzs3PzpYXy4tLyymplbb2to0QR2iIRj9RliDXlTNKWYYbTy1hRLEJOO+H1ae53bqjSLJIXZhTTQOChZANGsLFSr+L6qT/EQuBe6osk2/16yCTzs+Oa36fcTMxc6lWqyEVjQOTW9lH9KCf7yKsfeNArrCoo0OxV3vx+RBJBpSEca931UGyCFCvDCKdZ2U80jTG5xkPatVRiQXWQju/K4LZV+nAQKVvSwLH6fSLFQuuRCG2nwOZK//Zy8S+vm5jBUZAyGSeGSjL5aJBwaCKYhwT7TFFi+MgSTBSzu0JyhRUmxkZZtiF8Xgr/J+2a6yHXO9+rNk6KOEpgE2yBHeCBQ9AAZ6AJWoCAW3APHsGTc+c8OM/Oy6R1yilmNsAPOK8f/cGhEw==</latexit><latexit sha1_base64="I7RWTg9TUVLxK8V1DpJt4tqpCs8=">AAACF3icdVDLSgMxFM34rPVVdekmWAQXMmSKry6EohuXFWwrdIaSSdMaTDJDkhHKMH/hxl9x40IRt7rzb8y0o6jogQsn59xL7j1hzJk2CL07U9Mzs3PzpYXy4tLyymplbb2to0QR2iIRj9RliDXlTNKWYYbTy1hRLEJOO+H1ae53bqjSLJIXZhTTQOChZANGsLFSr+L6qT/EQuBe6osk2/16yCTzs+Oa36fcTMxc6lWqyEVjQOTW9lH9KCf7yKsfeNArrCoo0OxV3vx+RBJBpSEca931UGyCFCvDCKdZ2U80jTG5xkPatVRiQXWQju/K4LZV+nAQKVvSwLH6fSLFQuuRCG2nwOZK//Zy8S+vm5jBUZAyGSeGSjL5aJBwaCKYhwT7TFFi+MgSTBSzu0JyhRUmxkZZtiF8Xgr/J+2a6yHXO9+rNk6KOEpgE2yBHeCBQ9AAZ6AJWoCAW3APHsGTc+c8OM/Oy6R1yilmNsAPOK8f/cGhEw==</latexit><latexit sha1_base64="I7RWTg9TUVLxK8V1DpJt4tqpCs8=">AAACF3icdVDLSgMxFM34rPVVdekmWAQXMmSKry6EohuXFWwrdIaSSdMaTDJDkhHKMH/hxl9x40IRt7rzb8y0o6jogQsn59xL7j1hzJk2CL07U9Mzs3PzpYXy4tLyymplbb2to0QR2iIRj9RliDXlTNKWYYbTy1hRLEJOO+H1ae53bqjSLJIXZhTTQOChZANGsLFSr+L6qT/EQuBe6osk2/16yCTzs+Oa36fcTMxc6lWqyEVjQOTW9lH9KCf7yKsfeNArrCoo0OxV3vx+RBJBpSEca931UGyCFCvDCKdZ2U80jTG5xkPatVRiQXWQju/K4LZV+nAQKVvSwLH6fSLFQuuRCG2nwOZK//Zy8S+vm5jBUZAyGSeGSjL5aJBwaCKYhwT7TFFi+MgSTBSzu0JyhRUmxkZZtiF8Xgr/J+2a6yHXO9+rNk6KOEpgE2yBHeCBQ9AAZ6AJWoCAW3APHsGTc+c8OM/Oy6R1yilmNsAPOK8f/cGhEw==</latexit>

U(1) gauge invariance

 (x) ! e

�ig�(x) (x)
<latexit sha1_base64="jCL3jFJAPi2F2EGBE/hU09EucwQ="></latexit><latexit sha1_base64="jCL3jFJAPi2F2EGBE/hU09EucwQ="></latexit><latexit sha1_base64="jCL3jFJAPi2F2EGBE/hU09EucwQ="></latexit><latexit sha1_base64="jCL3jFJAPi2F2EGBE/hU09EucwQ="></latexit>

Aµ(x) ! Aµ(x)� @µ�(x)
<latexit sha1_base64="ts40gyOF3UbrK3R2fMnyn1AwFVU="></latexit><latexit sha1_base64="ts40gyOF3UbrK3R2fMnyn1AwFVU="></latexit><latexit sha1_base64="ts40gyOF3UbrK3R2fMnyn1AwFVU="></latexit><latexit sha1_base64="ts40gyOF3UbrK3R2fMnyn1AwFVU="></latexit>

equations of motion

@↵
@L
@�,↵

� @L
@�

= 0
<latexit sha1_base64="FPoJR2iUMZab8wr/GeHfMj+Ua8w="></latexit><latexit sha1_base64="FPoJR2iUMZab8wr/GeHfMj+Ua8w="></latexit><latexit sha1_base64="FPoJR2iUMZab8wr/GeHfMj+Ua8w="></latexit><latexit sha1_base64="FPoJR2iUMZab8wr/GeHfMj+Ua8w="></latexit>

� = Aµ,  
<latexit sha1_base64="KdxOzymj808n0VP/OtUVB1im1gk=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgopRJsdouhKoblxFsLTShTKbTdujkwcxECKH+ihsXirj1Q9z5N07aCCp64MLhnHu59x4v4kwqhD6MwtLyyupacb20sbm1vWPu7nVlGAtCOyTkoeh5WFLOAtpRTHHaiwTFvsfprTe9zPzbOyokC4MblUTU9fE4YCNGsNLSwCw79oSdnQ9Sx49nVafq2JINzAqqoTkgqtUbqNXMSANZrRMLWrlVATnsgfnuDEMS+zRQhGMp+xaKlJtioRjhdFZyYkkjTKZ4TPuaBtin0k3nx8/goVaGcBQKXYGCc/X7RIp9KRPf050+VhP528vEv7x+rEZNN2VBFCsakMWiUcyhCmGWBBwyQYniiSaYCKZvhWSCBSZK51XSIXx9Cv8n3XrNQjXr+rjSvsjjKIJ9cACOgAVOQRtcARt0AAEJeABP4Nm4Nx6NF+N10Vow8pky+AHj7RMOhpRj</latexit><latexit sha1_base64="KdxOzymj808n0VP/OtUVB1im1gk=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgopRJsdouhKoblxFsLTShTKbTdujkwcxECKH+ihsXirj1Q9z5N07aCCp64MLhnHu59x4v4kwqhD6MwtLyyupacb20sbm1vWPu7nVlGAtCOyTkoeh5WFLOAtpRTHHaiwTFvsfprTe9zPzbOyokC4MblUTU9fE4YCNGsNLSwCw79oSdnQ9Sx49nVafq2JINzAqqoTkgqtUbqNXMSANZrRMLWrlVATnsgfnuDEMS+zRQhGMp+xaKlJtioRjhdFZyYkkjTKZ4TPuaBtin0k3nx8/goVaGcBQKXYGCc/X7RIp9KRPf050+VhP528vEv7x+rEZNN2VBFCsakMWiUcyhCmGWBBwyQYniiSaYCKZvhWSCBSZK51XSIXx9Cv8n3XrNQjXr+rjSvsjjKIJ9cACOgAVOQRtcARt0AAEJeABP4Nm4Nx6NF+N10Vow8pky+AHj7RMOhpRj</latexit><latexit sha1_base64="KdxOzymj808n0VP/OtUVB1im1gk=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgopRJsdouhKoblxFsLTShTKbTdujkwcxECKH+ihsXirj1Q9z5N07aCCp64MLhnHu59x4v4kwqhD6MwtLyyupacb20sbm1vWPu7nVlGAtCOyTkoeh5WFLOAtpRTHHaiwTFvsfprTe9zPzbOyokC4MblUTU9fE4YCNGsNLSwCw79oSdnQ9Sx49nVafq2JINzAqqoTkgqtUbqNXMSANZrRMLWrlVATnsgfnuDEMS+zRQhGMp+xaKlJtioRjhdFZyYkkjTKZ4TPuaBtin0k3nx8/goVaGcBQKXYGCc/X7RIp9KRPf050+VhP528vEv7x+rEZNN2VBFCsakMWiUcyhCmGWBBwyQYniiSaYCKZvhWSCBSZK51XSIXx9Cv8n3XrNQjXr+rjSvsjjKIJ9cACOgAVOQRtcARt0AAEJeABP4Nm4Nx6NF+N10Vow8pky+AHj7RMOhpRj</latexit><latexit sha1_base64="KdxOzymj808n0VP/OtUVB1im1gk=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgopRJsdouhKoblxFsLTShTKbTdujkwcxECKH+ihsXirj1Q9z5N07aCCp64MLhnHu59x4v4kwqhD6MwtLyyupacb20sbm1vWPu7nVlGAtCOyTkoeh5WFLOAtpRTHHaiwTFvsfprTe9zPzbOyokC4MblUTU9fE4YCNGsNLSwCw79oSdnQ9Sx49nVafq2JINzAqqoTkgqtUbqNXMSANZrRMLWrlVATnsgfnuDEMS+zRQhGMp+xaKlJtioRjhdFZyYkkjTKZ4TPuaBtin0k3nx8/goVaGcBQKXYGCc/X7RIp9KRPf050+VhP528vEv7x+rEZNN2VBFCsakMWiUcyhCmGWBBwyQYniiSaYCKZvhWSCBSZK51XSIXx9Cv8n3XrNQjXr+rjSvsjjKIJ9cACOgAVOQRtcARt0AAEJeABP4Nm4Nx6NF+N10Vow8pky+AHj7RMOhpRj</latexit>

for

@µF
µ⌫ = g ̄�⌫ 

<latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit><latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit><latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit><latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit>

(i�µ@µ � g�µAµ �m) = 0
<latexit sha1_base64="nMkJR7WZcUz+JiFp+dvkGe+whOY="></latexit><latexit sha1_base64="nMkJR7WZcUz+JiFp+dvkGe+whOY="></latexit><latexit sha1_base64="nMkJR7WZcUz+JiFp+dvkGe+whOY="></latexit><latexit sha1_base64="nMkJR7WZcUz+JiFp+dvkGe+whOY="></latexit>



SCHWINGER MODEL
L = �̄(i�µ�µ � g�µAµ �m)�� 1

4Fµ�Fµ�

in 1+1 D single adimensional parameter m/g

@µF
µ⌫ = g ̄�⌫ 

<latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit><latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit><latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit><latexit sha1_base64="f8+SaFsFKqlbg2Qgwh9VO6mgUQY="></latexit>

@0A0
<latexit sha1_base64="g2X2D/qZuWZJs+EqXcCdwB5bBHU=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4GhLxuau6cVnBtkI7DJk004ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdkCtHrhwOOfe5N4TJIJrg9CnU1pYXFpeKa9W1tY3Nreq2zstHaeKsiaNRazuA6KZ4JI1DTeC3SeKkSgQrB0Mr3O/PWJK81jemXHCvIj0JQ85JcZKXjchynAifHTpI79aQ+4JwhenGCIXTfFNcEFqoEDDr350ezFNIyYNFUTrDkaJ8bL8SSrYpNJNNUsIHZI+61gqScS0l02XnsADq/RgGCtb0sCp+nMiI5HW4yiwnRExAz3v5eJ/Xic14bmXcZmkhkk6+yhMBTQxzBOAPa4YNWJsCaGK210hHRBFqLE5VWwIeP7kv6R15GLk4tvjWv2qiKMM9sA+OAQYnIE6uAEN0AQUPIBH8AxenJHz5Lw6b7PWklPM7IJfcN6/ADoIkbo=</latexit><latexit sha1_base64="g2X2D/qZuWZJs+EqXcCdwB5bBHU=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4GhLxuau6cVnBtkI7DJk004ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdkCtHrhwOOfe5N4TJIJrg9CnU1pYXFpeKa9W1tY3Nreq2zstHaeKsiaNRazuA6KZ4JI1DTeC3SeKkSgQrB0Mr3O/PWJK81jemXHCvIj0JQ85JcZKXjchynAifHTpI79aQ+4JwhenGCIXTfFNcEFqoEDDr350ezFNIyYNFUTrDkaJ8bL8SSrYpNJNNUsIHZI+61gqScS0l02XnsADq/RgGCtb0sCp+nMiI5HW4yiwnRExAz3v5eJ/Xic14bmXcZmkhkk6+yhMBTQxzBOAPa4YNWJsCaGK210hHRBFqLE5VWwIeP7kv6R15GLk4tvjWv2qiKMM9sA+OAQYnIE6uAEN0AQUPIBH8AxenJHz5Lw6b7PWklPM7IJfcN6/ADoIkbo=</latexit><latexit sha1_base64="g2X2D/qZuWZJs+EqXcCdwB5bBHU=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4GhLxuau6cVnBtkI7DJk004ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdkCtHrhwOOfe5N4TJIJrg9CnU1pYXFpeKa9W1tY3Nreq2zstHaeKsiaNRazuA6KZ4JI1DTeC3SeKkSgQrB0Mr3O/PWJK81jemXHCvIj0JQ85JcZKXjchynAifHTpI79aQ+4JwhenGCIXTfFNcEFqoEDDr350ezFNIyYNFUTrDkaJ8bL8SSrYpNJNNUsIHZI+61gqScS0l02XnsADq/RgGCtb0sCp+nMiI5HW4yiwnRExAz3v5eJ/Xic14bmXcZmkhkk6+yhMBTQxzBOAPa4YNWJsCaGK210hHRBFqLE5VWwIeP7kv6R15GLk4tvjWv2qiKMM9sA+OAQYnIE6uAEN0AQUPIBH8AxenJHz5Lw6b7PWklPM7IJfcN6/ADoIkbo=</latexit><latexit sha1_base64="g2X2D/qZuWZJs+EqXcCdwB5bBHU=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4GhLxuau6cVnBtkI7DJk004ZmMmOSKZSh3+HGhSJu/Rh3/o2ZdkCtHrhwOOfe5N4TJIJrg9CnU1pYXFpeKa9W1tY3Nreq2zstHaeKsiaNRazuA6KZ4JI1DTeC3SeKkSgQrB0Mr3O/PWJK81jemXHCvIj0JQ85JcZKXjchynAifHTpI79aQ+4JwhenGCIXTfFNcEFqoEDDr350ezFNIyYNFUTrDkaJ8bL8SSrYpNJNNUsIHZI+61gqScS0l02XnsADq/RgGCtb0sCp+nMiI5HW4yiwnRExAz3v5eJ/Xic14bmXcZmkhkk6+yhMBTQxzBOAPa4YNWJsCaGK210hHRBFqLE5VWwIeP7kv6R15GLk4tvjWv2qiKMM9sA+OAQYnIE6uAEN0AQUPIBH8AxenJHz5Lw6b7PWklPM7IJfcN6/ADoIkbo=</latexit>

no ⇒ fix temporal gauge: A0 = 0
<latexit sha1_base64="h7Zy4Oy/nwRBoMQR3VsK12fd3xY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16WSyCpyURPw9C1YvHCm5baJeSTdM2NJtdkqxQlv4GLx4U8eoP8ua/MW0X1OqDgcd7M8zMCxPBtUHo0yksLC4trxRXS2vrG5tb5e2duo5TRZlPYxGrZkg0E1wy33AjWDNRjEShYI1weDPxGw9MaR7LezNKWBCRvuQ9Tomxkn/VQZeoU64g7wThi1PsIg9N8U1wTiqQo9Ypf7S7MU0jJg0VROsWRokJMqIMp4KNS+1Us4TQIemzlqWSREwH2fTYsXtgla7bi5Utadyp+nMiI5HWoyi0nRExAz3vTcT/vFZqeudBxmWSGibpbFEvFa6J3cnnbpcrRo0YWUKo4vZWlw6IItTYfEo2BDz/8l9SP/Iw8vDdcaV6ncdRhD3Yh0PAcAZVuIUa+ECBwyM8w4sjnSfn1XmbtRacfGYXfsF5/wLH343/</latexit><latexit sha1_base64="h7Zy4Oy/nwRBoMQR3VsK12fd3xY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16WSyCpyURPw9C1YvHCm5baJeSTdM2NJtdkqxQlv4GLx4U8eoP8ua/MW0X1OqDgcd7M8zMCxPBtUHo0yksLC4trxRXS2vrG5tb5e2duo5TRZlPYxGrZkg0E1wy33AjWDNRjEShYI1weDPxGw9MaR7LezNKWBCRvuQ9Tomxkn/VQZeoU64g7wThi1PsIg9N8U1wTiqQo9Ypf7S7MU0jJg0VROsWRokJMqIMp4KNS+1Us4TQIemzlqWSREwH2fTYsXtgla7bi5Utadyp+nMiI5HWoyi0nRExAz3vTcT/vFZqeudBxmWSGibpbFEvFa6J3cnnbpcrRo0YWUKo4vZWlw6IItTYfEo2BDz/8l9SP/Iw8vDdcaV6ncdRhD3Yh0PAcAZVuIUa+ECBwyM8w4sjnSfn1XmbtRacfGYXfsF5/wLH343/</latexit><latexit sha1_base64="h7Zy4Oy/nwRBoMQR3VsK12fd3xY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16WSyCpyURPw9C1YvHCm5baJeSTdM2NJtdkqxQlv4GLx4U8eoP8ua/MW0X1OqDgcd7M8zMCxPBtUHo0yksLC4trxRXS2vrG5tb5e2duo5TRZlPYxGrZkg0E1wy33AjWDNRjEShYI1weDPxGw9MaR7LezNKWBCRvuQ9Tomxkn/VQZeoU64g7wThi1PsIg9N8U1wTiqQo9Ypf7S7MU0jJg0VROsWRokJMqIMp4KNS+1Us4TQIemzlqWSREwH2fTYsXtgla7bi5Utadyp+nMiI5HWoyi0nRExAz3vTcT/vFZqeudBxmWSGibpbFEvFa6J3cnnbpcrRo0YWUKo4vZWlw6IItTYfEo2BDz/8l9SP/Iw8vDdcaV6ncdRhD3Yh0PAcAZVuIUa+ECBwyM8w4sjnSfn1XmbtRacfGYXfsF5/wLH343/</latexit><latexit sha1_base64="h7Zy4Oy/nwRBoMQR3VsK12fd3xY=">AAAB7HicbVBNSwMxEJ2tX7V+VT16WSyCpyURPw9C1YvHCm5baJeSTdM2NJtdkqxQlv4GLx4U8eoP8ua/MW0X1OqDgcd7M8zMCxPBtUHo0yksLC4trxRXS2vrG5tb5e2duo5TRZlPYxGrZkg0E1wy33AjWDNRjEShYI1weDPxGw9MaR7LezNKWBCRvuQ9Tomxkn/VQZeoU64g7wThi1PsIg9N8U1wTiqQo9Ypf7S7MU0jJg0VROsWRokJMqIMp4KNS+1Us4TQIemzlqWSREwH2fTYsXtgla7bi5Utadyp+nMiI5HWoyi0nRExAz3vTcT/vFZqeudBxmWSGibpbFEvFa6J3cnnbpcrRo0YWUKo4vZWlw6IItTYfEo2BDz/8l9SP/Iw8vDdcaV6ncdRhD3Yh0PAcAZVuIUa+ECBwyM8w4sjnSfn1XmbtRacfGYXfsF5/wLH343/</latexit>

A0 not in H, but EoM imposes additional constraint

Hamiltonian quantization H =
X

�

⇧��̇� L
<latexit sha1_base64="0LeYZVxhRKLWNZxdTfXq1CUf9pA="></latexit><latexit sha1_base64="0LeYZVxhRKLWNZxdTfXq1CUf9pA="></latexit><latexit sha1_base64="0LeYZVxhRKLWNZxdTfXq1CUf9pA="></latexit><latexit sha1_base64="0LeYZVxhRKLWNZxdTfXq1CUf9pA="></latexit>

⇧� =
@L
@�̇

<latexit sha1_base64="sNr1vEpYLf5tS+7kjWeB+dQWiwQ="></latexit><latexit sha1_base64="sNr1vEpYLf5tS+7kjWeB+dQWiwQ="></latexit><latexit sha1_base64="sNr1vEpYLf5tS+7kjWeB+dQWiwQ="></latexit><latexit sha1_base64="sNr1vEpYLf5tS+7kjWeB+dQWiwQ="></latexit>

Gauss law



E = �F 01 = �Ȧ1 =
@L
@Ȧ1

<latexit sha1_base64="uaabzlTI8fp1xOZADwM8jFJFfGU="></latexit><latexit sha1_base64="uaabzlTI8fp1xOZADwM8jFJFfGU="></latexit><latexit sha1_base64="uaabzlTI8fp1xOZADwM8jFJFfGU="></latexit><latexit sha1_base64="uaabzlTI8fp1xOZADwM8jFJFfGU="></latexit>

SCHWINGER MODEL
L = �̄(i�µ�µ � g�µAµ �m)�� 1

4Fµ�Fµ�

in 1+1 D single adimensional parameter m/g

only component: electric field
canonical conjugates

Fµ⌫Fµ⌫ = �2E2
<latexit sha1_base64="HKM6JT4xdnE3IeWy3L8OM5OcF2w=">AAACBHicdVDLSgMxFM3UV62vqstugkVwY8kUq+1CKIrFZQX7gE5bMmnahmYyQ5IRytCFG3/FjQtF3PoR7vwbM32Aih64cDjnXu69xw04UxqhTyuxtLyyupZcT21sbm3vpHf36soPJaE14nNfNl2sKGeC1jTTnDYDSbHnctpwR5ex37ijUjFf3OpxQNseHgjWZwRrI3XTmUoncrzQEeGk0l2w8+M8vOrku+ksyqEpIMrlC6hUjEkB2aVTG9pzKwvmqHbTH07PJ6FHhSYcK9WyUaDbEZaaEU4nKSdUNMBkhAe0ZajAHlXtaPrEBB4apQf7vjQlNJyq3yci7Ck19lzT6WE9VL+9WPzLa4W6X2xHTAShpoLMFvVDDrUP40Rgj0lKNB8bgolk5lZIhlhiok1uKRPC4lP4P6nnczbK2Tcn2fLFPI4kyIADcARscAbK4BpUQQ0QcA8ewTN4sR6sJ+vVepu1Jqz5zD74Aev9CwSGl6s=</latexit><latexit sha1_base64="HKM6JT4xdnE3IeWy3L8OM5OcF2w=">AAACBHicdVDLSgMxFM3UV62vqstugkVwY8kUq+1CKIrFZQX7gE5bMmnahmYyQ5IRytCFG3/FjQtF3PoR7vwbM32Aih64cDjnXu69xw04UxqhTyuxtLyyupZcT21sbm3vpHf36soPJaE14nNfNl2sKGeC1jTTnDYDSbHnctpwR5ex37ijUjFf3OpxQNseHgjWZwRrI3XTmUoncrzQEeGk0l2w8+M8vOrku+ksyqEpIMrlC6hUjEkB2aVTG9pzKwvmqHbTH07PJ6FHhSYcK9WyUaDbEZaaEU4nKSdUNMBkhAe0ZajAHlXtaPrEBB4apQf7vjQlNJyq3yci7Ck19lzT6WE9VL+9WPzLa4W6X2xHTAShpoLMFvVDDrUP40Rgj0lKNB8bgolk5lZIhlhiok1uKRPC4lP4P6nnczbK2Tcn2fLFPI4kyIADcARscAbK4BpUQQ0QcA8ewTN4sR6sJ+vVepu1Jqz5zD74Aev9CwSGl6s=</latexit><latexit sha1_base64="HKM6JT4xdnE3IeWy3L8OM5OcF2w=">AAACBHicdVDLSgMxFM3UV62vqstugkVwY8kUq+1CKIrFZQX7gE5bMmnahmYyQ5IRytCFG3/FjQtF3PoR7vwbM32Aih64cDjnXu69xw04UxqhTyuxtLyyupZcT21sbm3vpHf36soPJaE14nNfNl2sKGeC1jTTnDYDSbHnctpwR5ex37ijUjFf3OpxQNseHgjWZwRrI3XTmUoncrzQEeGk0l2w8+M8vOrku+ksyqEpIMrlC6hUjEkB2aVTG9pzKwvmqHbTH07PJ6FHhSYcK9WyUaDbEZaaEU4nKSdUNMBkhAe0ZajAHlXtaPrEBB4apQf7vjQlNJyq3yci7Ck19lzT6WE9VL+9WPzLa4W6X2xHTAShpoLMFvVDDrUP40Rgj0lKNB8bgolk5lZIhlhiok1uKRPC4lP4P6nnczbK2Tcn2fLFPI4kyIADcARscAbK4BpUQQ0QcA8ewTN4sR6sJ+vVepu1Jqz5zD74Aev9CwSGl6s=</latexit><latexit sha1_base64="HKM6JT4xdnE3IeWy3L8OM5OcF2w=">AAACBHicdVDLSgMxFM3UV62vqstugkVwY8kUq+1CKIrFZQX7gE5bMmnahmYyQ5IRytCFG3/FjQtF3PoR7vwbM32Aih64cDjnXu69xw04UxqhTyuxtLyyupZcT21sbm3vpHf36soPJaE14nNfNl2sKGeC1jTTnDYDSbHnctpwR5ex37ijUjFf3OpxQNseHgjWZwRrI3XTmUoncrzQEeGk0l2w8+M8vOrku+ksyqEpIMrlC6hUjEkB2aVTG9pzKwvmqHbTH07PJ6FHhSYcK9WyUaDbEZaaEU4nKSdUNMBkhAe0ZajAHlXtaPrEBB4apQf7vjQlNJyq3yci7Ck19lzT6WE9VL+9WPzLa4W6X2xHTAShpoLMFvVDDrUP40Rgj0lKNB8bgolk5lZIhlhiok1uKRPC4lP4P6nnczbK2Tcn2fLFPI4kyIADcARscAbK4BpUQQ0QcA8ewTN4sR6sJ+vVepu1Jqz5zD74Aev9CwSGl6s=</latexit>

�1E = g�̄�0�
constraint (Gauss law)

H = EȦ1 + i ̄�0@0 � L
<latexit sha1_base64="VEfvxkEIiioR8NNdmUp6rtPbn4M="></latexit><latexit sha1_base64="VEfvxkEIiioR8NNdmUp6rtPbn4M="></latexit><latexit sha1_base64="VEfvxkEIiioR8NNdmUp6rtPbn4M="></latexit><latexit sha1_base64="VEfvxkEIiioR8NNdmUp6rtPbn4M="></latexit>

⇒

E = g

Z
dxj0(x) + const

<latexit sha1_base64="k9yGFs9IUv1g7TarPVqF1ZdnvOo="></latexit><latexit sha1_base64="k9yGFs9IUv1g7TarPVqF1ZdnvOo="></latexit><latexit sha1_base64="k9yGFs9IUv1g7TarPVqF1ZdnvOo="></latexit><latexit sha1_base64="k9yGFs9IUv1g7TarPVqF1ZdnvOo="></latexit>

⇒
fixed up to 
background 
field



SCHWINGER MODEL

Hamiltonian formulation

H =
�

dx
�
�i�̄�1�1� + g�̄�1A1� + m�̄� + 1

2E2
�

�1E = g�̄�0� Gauss’ lawplus a constraint:

A0 = 0

E = �Ȧ1

discretize

L = �̄(i�µ�µ � g�µAµ �m)�� 1
4Fµ�Fµ�

fermion 
kinetic term

fermion-photon 
coupling

fermion 
mass

electrostatic 
energy

quantization { i(x), 
†
j(y)} = �ij�(x� y)

<latexit sha1_base64="WjhCgGaL2EM8/KldstjnvENDmyo="></latexit><latexit sha1_base64="WjhCgGaL2EM8/KldstjnvENDmyo="></latexit><latexit sha1_base64="WjhCgGaL2EM8/KldstjnvENDmyo="></latexit><latexit sha1_base64="WjhCgGaL2EM8/KldstjnvENDmyo="></latexit>

{ i(x), j(y)} = 0
<latexit sha1_base64="Mw7FjfKycRmQuKtqCZuhzvpddBU=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASL0IKEiXhdCEU3LivYCzQhTKaTduzkwsxEDKG48VXcuFDErU/hzrdxmhbU6g8DH/85hzPn92JGhYTwUyvMzM7NLxQXS0vLK6tr+vpGU0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wcWo3rolXNAovJZpTJwA9ULqU4ykslx9y87suqAurdxV93K6qaRVe3gGXb0MzUNonR5ZBjRhrm+wJlAGE9Vd/cPuRjgJSCgxQ0J0LBhLJ0NcUszIsGQngsQID1CPdBSGKCDCyfIThsaucrqGH3H1Qmnk7s+JDAVCpIGnOgMk+2K6NjL/q3US6Z84GQ3jRJIQjxf5CTNkZIzyMLqUEyxZqgBhTtVfDdxHHGGpUiupEKzpk/9Cc9+0oGldHZRr55M4imAb7IAKsMAxqIFLUAcNgME9eATP4EV70J60V+1t3FrQJjOb4Je09y+Kd5Y4</latexit><latexit sha1_base64="Mw7FjfKycRmQuKtqCZuhzvpddBU=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASL0IKEiXhdCEU3LivYCzQhTKaTduzkwsxEDKG48VXcuFDErU/hzrdxmhbU6g8DH/85hzPn92JGhYTwUyvMzM7NLxQXS0vLK6tr+vpGU0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wcWo3rolXNAovJZpTJwA9ULqU4ykslx9y87suqAurdxV93K6qaRVe3gGXb0MzUNonR5ZBjRhrm+wJlAGE9Vd/cPuRjgJSCgxQ0J0LBhLJ0NcUszIsGQngsQID1CPdBSGKCDCyfIThsaucrqGH3H1Qmnk7s+JDAVCpIGnOgMk+2K6NjL/q3US6Z84GQ3jRJIQjxf5CTNkZIzyMLqUEyxZqgBhTtVfDdxHHGGpUiupEKzpk/9Cc9+0oGldHZRr55M4imAb7IAKsMAxqIFLUAcNgME9eATP4EV70J60V+1t3FrQJjOb4Je09y+Kd5Y4</latexit><latexit sha1_base64="Mw7FjfKycRmQuKtqCZuhzvpddBU=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASL0IKEiXhdCEU3LivYCzQhTKaTduzkwsxEDKG48VXcuFDErU/hzrdxmhbU6g8DH/85hzPn92JGhYTwUyvMzM7NLxQXS0vLK6tr+vpGU0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wcWo3rolXNAovJZpTJwA9ULqU4ykslx9y87suqAurdxV93K6qaRVe3gGXb0MzUNonR5ZBjRhrm+wJlAGE9Vd/cPuRjgJSCgxQ0J0LBhLJ0NcUszIsGQngsQID1CPdBSGKCDCyfIThsaucrqGH3H1Qmnk7s+JDAVCpIGnOgMk+2K6NjL/q3US6Z84GQ3jRJIQjxf5CTNkZIzyMLqUEyxZqgBhTtVfDdxHHGGpUiupEKzpk/9Cc9+0oGldHZRr55M4imAb7IAKsMAxqIFLUAcNgME9eATP4EV70J60V+1t3FrQJjOb4Je09y+Kd5Y4</latexit><latexit sha1_base64="Mw7FjfKycRmQuKtqCZuhzvpddBU=">AAACAnicbZDLSsNAFIYn9VbrLepK3ASL0IKEiXhdCEU3LivYCzQhTKaTduzkwsxEDKG48VXcuFDErU/hzrdxmhbU6g8DH/85hzPn92JGhYTwUyvMzM7NLxQXS0vLK6tr+vpGU0QJx6SBIxbxtocEYTQkDUklI+2YExR4jLS8wcWo3rolXNAovJZpTJwA9ULqU4ykslx9y87suqAurdxV93K6qaRVe3gGXb0MzUNonR5ZBjRhrm+wJlAGE9Vd/cPuRjgJSCgxQ0J0LBhLJ0NcUszIsGQngsQID1CPdBSGKCDCyfIThsaucrqGH3H1Qmnk7s+JDAVCpIGnOgMk+2K6NjL/q3US6Z84GQ3jRJIQjxf5CTNkZIzyMLqUEyxZqgBhTtVfDdxHHGGpUiupEKzpk/9Cc9+0oGldHZRr55M4imAb7IAKsMAxqIFLUAcNgME9eATP4EV70J60V+1t3FrQJjOb4Je09y+Kd5Y4</latexit>

[A1(x), E(y)] = i�(x� y)
<latexit sha1_base64="sIfG8SmcursvjSv3UgXbot/OW24=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpaJ+FwIVRFcVrC2MB1KJk3b0MyDJCMdhi7c+CtuXCji1o9w59+YtgNq9cCFwzn3cu89bsiZVJb1aWRmZufmF7KLuaXlldU1c33jVgaRILRGAh6Ihosl5cynNcUUp41QUOy5nNbd/sXIr99RIVng36g4pI6Huz7rMIKVllpm3j5roeKgtHNZjEvOKYPNNuUKFwe7callFqzygYVODhG0ytYY3wSlpABSVFvmR7MdkMijviIcS2kjK1ROgoVihNNhrhlJGmLSx11qa+pjj0onGT8xhNtaacNOIHT5Co7VnxMJ9qSMPVd3elj15LQ3Ev/z7Eh1jp2E+WGkqE8mizoRhyqAo0RgmwlKFI81wUQwfSskPSwwUTq3nA4BTb/8l9zulZFVRtf7hcp5GkcW5MEWKAIEjkAFXIEqqAEC7sEjeAYvxoPxZLwab5PWjJHObIJfMN6/AE63lfc=</latexit><latexit sha1_base64="sIfG8SmcursvjSv3UgXbot/OW24=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpaJ+FwIVRFcVrC2MB1KJk3b0MyDJCMdhi7c+CtuXCji1o9w59+YtgNq9cCFwzn3cu89bsiZVJb1aWRmZufmF7KLuaXlldU1c33jVgaRILRGAh6Ihosl5cynNcUUp41QUOy5nNbd/sXIr99RIVng36g4pI6Huz7rMIKVllpm3j5roeKgtHNZjEvOKYPNNuUKFwe7callFqzygYVODhG0ytYY3wSlpABSVFvmR7MdkMijviIcS2kjK1ROgoVihNNhrhlJGmLSx11qa+pjj0onGT8xhNtaacNOIHT5Co7VnxMJ9qSMPVd3elj15LQ3Ev/z7Eh1jp2E+WGkqE8mizoRhyqAo0RgmwlKFI81wUQwfSskPSwwUTq3nA4BTb/8l9zulZFVRtf7hcp5GkcW5MEWKAIEjkAFXIEqqAEC7sEjeAYvxoPxZLwab5PWjJHObIJfMN6/AE63lfc=</latexit><latexit sha1_base64="sIfG8SmcursvjSv3UgXbot/OW24=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpaJ+FwIVRFcVrC2MB1KJk3b0MyDJCMdhi7c+CtuXCji1o9w59+YtgNq9cCFwzn3cu89bsiZVJb1aWRmZufmF7KLuaXlldU1c33jVgaRILRGAh6Ihosl5cynNcUUp41QUOy5nNbd/sXIr99RIVng36g4pI6Huz7rMIKVllpm3j5roeKgtHNZjEvOKYPNNuUKFwe7callFqzygYVODhG0ytYY3wSlpABSVFvmR7MdkMijviIcS2kjK1ROgoVihNNhrhlJGmLSx11qa+pjj0onGT8xhNtaacNOIHT5Co7VnxMJ9qSMPVd3elj15LQ3Ev/z7Eh1jp2E+WGkqE8mizoRhyqAo0RgmwlKFI81wUQwfSskPSwwUTq3nA4BTb/8l9zulZFVRtf7hcp5GkcW5MEWKAIEjkAFXIEqqAEC7sEjeAYvxoPxZLwab5PWjJHObIJfMN6/AE63lfc=</latexit><latexit sha1_base64="sIfG8SmcursvjSv3UgXbot/OW24=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvQgpaJ+FwIVRFcVrC2MB1KJk3b0MyDJCMdhi7c+CtuXCji1o9w59+YtgNq9cCFwzn3cu89bsiZVJb1aWRmZufmF7KLuaXlldU1c33jVgaRILRGAh6Ihosl5cynNcUUp41QUOy5nNbd/sXIr99RIVng36g4pI6Huz7rMIKVllpm3j5roeKgtHNZjEvOKYPNNuUKFwe7callFqzygYVODhG0ytYY3wSlpABSVFvmR7MdkMijviIcS2kjK1ROgoVihNNhrhlJGmLSx11qa+pjj0onGT8xhNtaacNOIHT5Co7VnxMJ9qSMPVd3elj15LQ3Ev/z7Eh1jp2E+WGkqE8mizoRhyqAo0RgmwlKFI81wUQwfSskPSwwUTq3nA4BTb/8l9zulZFVRtf7hcp5GkcW5MEWKAIEjkAFXIEqqAEC7sEjeAYvxoPxZLwab5PWjJHObIJfMN6/AE63lfc=</latexit>



SCHWINGER MODEL
discrete Hamiltonian (staggered) formulation

�
�(1)(x)
�(2)(x)

�
x

on the lattice



SCHWINGER MODEL
discrete Hamiltonian (staggered) formulation

1
ga

�n � �A1(x)

gLn � E(x)

�2n �2n+1

on the lattice

{�m,�n} = 0
<latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit>

{�m,�†
n} = �mn

<latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit>

fermionic operators

[✓n, Lm] = ig�nm
<latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit>



SCHWINGER MODEL
discrete Hamiltonian (staggered) formulation

x

U(x, x + �) = eig�A1(x)

on the lattice

{�m,�n} = 0
<latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit>

{�m,�†
n} = �mn

<latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit>

fermionic operators



SCHWINGER MODEL
discrete Hamiltonian (staggered) formulation

Un,n+1 = ei�n

1
ga

�n � �A1(x)

gLn � E(x)

on the lattice

{�m,�n} = 0
<latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit><latexit sha1_base64="24pgedxhowAmFmCylvaaqjADMqs=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwIWEiPhdC0Y3LCvYBTQiT6aQdOpmEmYkQQv0VNy4UceuHuPNvnKYBtXrgcg/n3MvcOUHCqFQQfhqVhcWl5ZXqam1tfWNzy9ze6cg4FZi0ccxi0QuQJIxy0lZUMdJLBEFRwEg3GF9P/e49EZLG/E5lCfEiNOQ0pBgpLflm3c3d1oj60WHRuDu5hL7ZgPYJdC5OHQvasMA3cUrSACVavvnhDmKcRoQrzJCUfQcmysuRUBQzMqm5qSQJwmM0JH1NOYqI9PLi+Im1r5WBFcZCF1dWof7cyFEkZRYFejJCaiTnvan4n9dPVXju5ZQnqSIczx4KU2ap2JomYQ2oIFixTBOEBdW3WniEBMJK51XTITjzX/5LOke2A23n9rjRvCrjqIJdsAcOgAPOQBPcgBZoAwwy8AiewYvxYDwZr8bbbLRilDt18AvG+xcIe5Rb</latexit>

{�m,�†
n} = �mn

<latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit><latexit sha1_base64="HFAa2RVUnx64/OC//tV9DR/qJ54=">AAACEHicbVDLSgMxFM3UV62vqks3g0V0IWVGfC6EohuXFewDOnXIZG7b0CQzJBmhDPMJbvwVNy4UcevSnX9j+gC1euByD+fcS3JPEDOqtON8WrmZ2bn5hfxiYWl5ZXWtuL5RV1EiCdRIxCLZDLACRgXUNNUMmrEEzAMGjaB/OfQbdyAVjcSNHsTQ5rgraIcSrI3kF3e91Kv2qM/3R03cpl6Iu12QmZedeyEwjf2Ui8wvlpzykeOeHbu2U3ZG+CbuhJTQBFW/+OGFEUk4CE0YVqrlOrFup1hqShhkBS9REGPSx11oGSowB9VORwdl9o5RQrsTSVNC2yP150aKuVIDHphJjnVPTXtD8T+vlejOaTulIk40CDJ+qJMwW0f2MB07pBKIZgNDMJHU/NUmPSwx0SbDggnBnT75L6kflF2n7F4flioXkzjyaAttoz3kohNUQVeoimqIoHv0iJ7Ri/VgPVmv1tt4NGdNdjbRL1jvX7Ydnac=</latexit>

fermionic operators

[✓n, Lm] = ig�nm
<latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit>



SCHWINGER MODEL
MPS formulation needs a (finite dimensional) basis 

for each dof

Un,n+1 = ei�n

�2n �2n+1

fermions 
Fock space
{|0i, |1i}

<latexit sha1_base64="wP9jp4SOC24h77v7g7N+tugC7uQ=">AAACA3icbZDLSgMxFIYzXmu9Vd3pJlgEF2VIxOuu6MZlBXuBzlAyadqGZjJDkhHKtODGV3HjQhG3voQ738a0HVCrPwQ+/nMOJ+cPYsG1QejTmZtfWFxazq3kV9fWNzYLW9s1HSWKsiqNRKQaAdFMcMmqhhvBGrFiJAwEqwf9q3G9fseU5pG8NYOY+SHpSt7hlBhrtQq7XjpEniKyK1jJKw1xxtAbtQpF5J4gfHGKIXLRRN+AMyiCTJVW4cNrRzQJmTRUEK2bGMXGT4kynAo2ynuJZjGhfdJlTYuShEz76eSGETywTht2ImWfNHDi/pxISaj1IAxsZ0hMT8/WxuZ/tWZiOud+ymWcGCbpdFEnEdBEcBwIbHPFqBEDC4Qqbv8KaY8oQo2NLW9DwLMn/4XakYuRi2+Oi+XLLI4c2AP74BBgcAbK4BpUQBVQcA8ewTN4cR6cJ+fVeZu2zjnZzA74Jef9C1Dml0w=</latexit><latexit sha1_base64="wP9jp4SOC24h77v7g7N+tugC7uQ=">AAACA3icbZDLSgMxFIYzXmu9Vd3pJlgEF2VIxOuu6MZlBXuBzlAyadqGZjJDkhHKtODGV3HjQhG3voQ738a0HVCrPwQ+/nMOJ+cPYsG1QejTmZtfWFxazq3kV9fWNzYLW9s1HSWKsiqNRKQaAdFMcMmqhhvBGrFiJAwEqwf9q3G9fseU5pG8NYOY+SHpSt7hlBhrtQq7XjpEniKyK1jJKw1xxtAbtQpF5J4gfHGKIXLRRN+AMyiCTJVW4cNrRzQJmTRUEK2bGMXGT4kynAo2ynuJZjGhfdJlTYuShEz76eSGETywTht2ImWfNHDi/pxISaj1IAxsZ0hMT8/WxuZ/tWZiOud+ymWcGCbpdFEnEdBEcBwIbHPFqBEDC4Qqbv8KaY8oQo2NLW9DwLMn/4XakYuRi2+Oi+XLLI4c2AP74BBgcAbK4BpUQBVQcA8ewTN4cR6cJ+fVeZu2zjnZzA74Jef9C1Dml0w=</latexit><latexit sha1_base64="wP9jp4SOC24h77v7g7N+tugC7uQ=">AAACA3icbZDLSgMxFIYzXmu9Vd3pJlgEF2VIxOuu6MZlBXuBzlAyadqGZjJDkhHKtODGV3HjQhG3voQ738a0HVCrPwQ+/nMOJ+cPYsG1QejTmZtfWFxazq3kV9fWNzYLW9s1HSWKsiqNRKQaAdFMcMmqhhvBGrFiJAwEqwf9q3G9fseU5pG8NYOY+SHpSt7hlBhrtQq7XjpEniKyK1jJKw1xxtAbtQpF5J4gfHGKIXLRRN+AMyiCTJVW4cNrRzQJmTRUEK2bGMXGT4kynAo2ynuJZjGhfdJlTYuShEz76eSGETywTht2ImWfNHDi/pxISaj1IAxsZ0hMT8/WxuZ/tWZiOud+ymWcGCbpdFEnEdBEcBwIbHPFqBEDC4Qqbv8KaY8oQo2NLW9DwLMn/4XakYuRi2+Oi+XLLI4c2AP74BBgcAbK4BpUQBVQcA8ewTN4cR6cJ+fVeZu2zjnZzA74Jef9C1Dml0w=</latexit><latexit sha1_base64="wP9jp4SOC24h77v7g7N+tugC7uQ=">AAACA3icbZDLSgMxFIYzXmu9Vd3pJlgEF2VIxOuu6MZlBXuBzlAyadqGZjJDkhHKtODGV3HjQhG3voQ738a0HVCrPwQ+/nMOJ+cPYsG1QejTmZtfWFxazq3kV9fWNzYLW9s1HSWKsiqNRKQaAdFMcMmqhhvBGrFiJAwEqwf9q3G9fseU5pG8NYOY+SHpSt7hlBhrtQq7XjpEniKyK1jJKw1xxtAbtQpF5J4gfHGKIXLRRN+AMyiCTJVW4cNrRzQJmTRUEK2bGMXGT4kynAo2ynuJZjGhfdJlTYuShEz76eSGETywTht2ImWfNHDi/pxISaj1IAxsZ0hMT8/WxuZ/tWZiOud+ymWcGCbpdFEnEdBEcBwIbHPFqBEDC4Qqbv8KaY8oQo2NLW9DwLMn/4XakYuRi2+Oi+XLLI4c2AP74BBgcAbK4BpUQBVQcA8ewTN4cR6cJ+fVeZu2zjnZzA74Jef9C1Dml0w=</latexit>

on the lattice

[✓n, Lm] = ig�nm
<latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit><latexit sha1_base64="/LAcYPWhU0myNJypN4ef52enGnQ="></latexit>

|1i = �†|0i
<latexit sha1_base64="xgEWaSw1fAU2VpYQufnFJNBpwlc=">AAACCnicbVC7SgNBFJ2N7/iKWtqMBsEqzATjoxBEG8sIRoVsDLOTm82Q2dllZlYIa2obf8XGQhFbv8DOv3ESt/B14MLhnHu5954gkcJYQj68wsTk1PTM7FxxfmFxabm0snph4lRzaPBYxvoqYAakUNCwwkq4SjSwKJBwGfRPRv7lDWgjYnVuBwm0IhYq0RWcWSe1Sxu31NdMhRIO/XpPXGd+h4Uh6OEtyfV2qUwqNUIPdikmlWqNHOwTR8gYmOakjHLU26V3vxPzNAJluWTGNClJbCtj2gouYVj0UwMJ430WQtNRxSIwrWz8yhBvOaWDu7F2pSweq98nMhYZM4gC1xkx2zO/vZH4n9dMbXe/lQmVpBYU/1rUTSW2MR7lgjtCA7dy4AjjWrhbMe8xzbh16RVdCPT3y3/JRbVCSYWe7ZSPjvM4ZtE62kTbiKI9dIROUR01EEd36AE9oWfv3nv0XrzXr9aCl8+soR/w3j4B0oKa/A==</latexit><latexit sha1_base64="xgEWaSw1fAU2VpYQufnFJNBpwlc=">AAACCnicbVC7SgNBFJ2N7/iKWtqMBsEqzATjoxBEG8sIRoVsDLOTm82Q2dllZlYIa2obf8XGQhFbv8DOv3ESt/B14MLhnHu5954gkcJYQj68wsTk1PTM7FxxfmFxabm0snph4lRzaPBYxvoqYAakUNCwwkq4SjSwKJBwGfRPRv7lDWgjYnVuBwm0IhYq0RWcWSe1Sxu31NdMhRIO/XpPXGd+h4Uh6OEtyfV2qUwqNUIPdikmlWqNHOwTR8gYmOakjHLU26V3vxPzNAJluWTGNClJbCtj2gouYVj0UwMJ430WQtNRxSIwrWz8yhBvOaWDu7F2pSweq98nMhYZM4gC1xkx2zO/vZH4n9dMbXe/lQmVpBYU/1rUTSW2MR7lgjtCA7dy4AjjWrhbMe8xzbh16RVdCPT3y3/JRbVCSYWe7ZSPjvM4ZtE62kTbiKI9dIROUR01EEd36AE9oWfv3nv0XrzXr9aCl8+soR/w3j4B0oKa/A==</latexit><latexit sha1_base64="xgEWaSw1fAU2VpYQufnFJNBpwlc=">AAACCnicbVC7SgNBFJ2N7/iKWtqMBsEqzATjoxBEG8sIRoVsDLOTm82Q2dllZlYIa2obf8XGQhFbv8DOv3ESt/B14MLhnHu5954gkcJYQj68wsTk1PTM7FxxfmFxabm0snph4lRzaPBYxvoqYAakUNCwwkq4SjSwKJBwGfRPRv7lDWgjYnVuBwm0IhYq0RWcWSe1Sxu31NdMhRIO/XpPXGd+h4Uh6OEtyfV2qUwqNUIPdikmlWqNHOwTR8gYmOakjHLU26V3vxPzNAJluWTGNClJbCtj2gouYVj0UwMJ430WQtNRxSIwrWz8yhBvOaWDu7F2pSweq98nMhYZM4gC1xkx2zO/vZH4n9dMbXe/lQmVpBYU/1rUTSW2MR7lgjtCA7dy4AjjWrhbMe8xzbh16RVdCPT3y3/JRbVCSYWe7ZSPjvM4ZtE62kTbiKI9dIROUR01EEd36AE9oWfv3nv0XrzXr9aCl8+soR/w3j4B0oKa/A==</latexit><latexit sha1_base64="xgEWaSw1fAU2VpYQufnFJNBpwlc=">AAACCnicbVC7SgNBFJ2N7/iKWtqMBsEqzATjoxBEG8sIRoVsDLOTm82Q2dllZlYIa2obf8XGQhFbv8DOv3ESt/B14MLhnHu5954gkcJYQj68wsTk1PTM7FxxfmFxabm0snph4lRzaPBYxvoqYAakUNCwwkq4SjSwKJBwGfRPRv7lDWgjYnVuBwm0IhYq0RWcWSe1Sxu31NdMhRIO/XpPXGd+h4Uh6OEtyfV2qUwqNUIPdikmlWqNHOwTR8gYmOakjHLU26V3vxPzNAJluWTGNClJbCtj2gouYVj0UwMJ430WQtNRxSIwrWz8yhBvOaWDu7F2pSweq98nMhYZM4gC1xkx2zO/vZH4n9dMbXe/lQmVpBYU/1rUTSW2MR7lgjtCA7dy4AjjWrhbMe8xzbh16RVdCPT3y3/JRbVCSYWe7ZSPjvM4ZtE62kTbiKI9dIROUR01EEd36AE9oWfv3nv0XrzXr9aCl8+soR/w3j4B0oKa/A==</latexit>

cQED

ei✓|`i = |`+ 1i
<latexit sha1_base64="Trv6fH80CM3h+EpuWmarYcKtVDE=">AAACEXicdVBNSwMxEM36bf2qevQSLIIglKz40R4E0YtHBVuFbi3ZdNoGs9klmRXK2r/gxb/ixYMiXr1589+Y1hZU9EHgzXszTOaFiZIWGfvwxsYnJqemZ2Zzc/MLi0v55ZWqjVMjoCJiFZvLkFtQUkMFJSq4TAzwKFRwEV4f9/2LGzBWxvocuwnUI97WsiUFRyc18ptwlckAO4C8dxuAUoHhuq2AHgyqLX9UN/IFVmQDUFbc3mXlUp/sMr+851N/aBXIEKeN/HvQjEUagUahuLU1nyVYz7hBKRT0ckFqIeHimreh5qjmEdh6NrioRzec0qSt2LinkQ7U7xMZj6ztRqHrjDh27G+vL/7l1VJsleqZ1EmKoMXXolaqKMa0Hw9tSgMCVdcRLox0f6Wiww0X6ELMuRBGl9L/SXW76LOif7ZTODwaxjFD1sg62SQ+2SeH5ISckgoR5I48kCfy7N17j96L9/rVOuYNZ1bJD3hvn+vSnaw=</latexit><latexit sha1_base64="Trv6fH80CM3h+EpuWmarYcKtVDE=">AAACEXicdVBNSwMxEM36bf2qevQSLIIglKz40R4E0YtHBVuFbi3ZdNoGs9klmRXK2r/gxb/ixYMiXr1589+Y1hZU9EHgzXszTOaFiZIWGfvwxsYnJqemZ2Zzc/MLi0v55ZWqjVMjoCJiFZvLkFtQUkMFJSq4TAzwKFRwEV4f9/2LGzBWxvocuwnUI97WsiUFRyc18ptwlckAO4C8dxuAUoHhuq2AHgyqLX9UN/IFVmQDUFbc3mXlUp/sMr+851N/aBXIEKeN/HvQjEUagUahuLU1nyVYz7hBKRT0ckFqIeHimreh5qjmEdh6NrioRzec0qSt2LinkQ7U7xMZj6ztRqHrjDh27G+vL/7l1VJsleqZ1EmKoMXXolaqKMa0Hw9tSgMCVdcRLox0f6Wiww0X6ELMuRBGl9L/SXW76LOif7ZTODwaxjFD1sg62SQ+2SeH5ISckgoR5I48kCfy7N17j96L9/rVOuYNZ1bJD3hvn+vSnaw=</latexit><latexit sha1_base64="Trv6fH80CM3h+EpuWmarYcKtVDE=">AAACEXicdVBNSwMxEM36bf2qevQSLIIglKz40R4E0YtHBVuFbi3ZdNoGs9klmRXK2r/gxb/ixYMiXr1589+Y1hZU9EHgzXszTOaFiZIWGfvwxsYnJqemZ2Zzc/MLi0v55ZWqjVMjoCJiFZvLkFtQUkMFJSq4TAzwKFRwEV4f9/2LGzBWxvocuwnUI97WsiUFRyc18ptwlckAO4C8dxuAUoHhuq2AHgyqLX9UN/IFVmQDUFbc3mXlUp/sMr+851N/aBXIEKeN/HvQjEUagUahuLU1nyVYz7hBKRT0ckFqIeHimreh5qjmEdh6NrioRzec0qSt2LinkQ7U7xMZj6ztRqHrjDh27G+vL/7l1VJsleqZ1EmKoMXXolaqKMa0Hw9tSgMCVdcRLox0f6Wiww0X6ELMuRBGl9L/SXW76LOif7ZTODwaxjFD1sg62SQ+2SeH5ISckgoR5I48kCfy7N17j96L9/rVOuYNZ1bJD3hvn+vSnaw=</latexit><latexit sha1_base64="Trv6fH80CM3h+EpuWmarYcKtVDE=">AAACEXicdVBNSwMxEM36bf2qevQSLIIglKz40R4E0YtHBVuFbi3ZdNoGs9klmRXK2r/gxb/ixYMiXr1589+Y1hZU9EHgzXszTOaFiZIWGfvwxsYnJqemZ2Zzc/MLi0v55ZWqjVMjoCJiFZvLkFtQUkMFJSq4TAzwKFRwEV4f9/2LGzBWxvocuwnUI97WsiUFRyc18ptwlckAO4C8dxuAUoHhuq2AHgyqLX9UN/IFVmQDUFbc3mXlUp/sMr+851N/aBXIEKeN/HvQjEUagUahuLU1nyVYz7hBKRT0ckFqIeHimreh5qjmEdh6NrioRzec0qSt2LinkQ7U7xMZj6ztRqHrjDh27G+vL/7l1VJsleqZ1EmKoMXXolaqKMa0Hw9tSgMCVdcRLox0f6Wiww0X6ELMuRBGl9L/SXW76LOif7ZTODwaxjFD1sg62SQ+2SeH5ISckgoR5I48kCfy7N17j96L9/rVOuYNZ1bJD3hvn+vSnaw=</latexit>

L|`i = `|`i
<latexit sha1_base64="JD4AqiinxO1XnPpCcvKZc12Ue2Y=">AAACB3icdVBNS0JBFJ1nX2ZfVssghiRoJfMkSxeB1KZFC4P8ABWZN151cN68x8y8QMxdm/5KmxZFtO0vtOvfNE8NLOrAhcM593LvPV4ouDaEfDqJhcWl5ZXkamptfWNzK729U9VBpBhUWCACVfeoBsElVAw3AuqhAup7Amre4CL2a7egNA/kjRmG0PJpT/IuZ9RYqZ3ev7prghBNRWVPwFnM54V2OkOyZAJMsrk8KRZikidu8cTF7szKoBnK7fRHsxOwyAdpmKBaN1wSmtaIKsOZgHGqGWkIKRvQHjQsldQH3RpN/hjjQ6t0cDdQtqTBE3V+YkR9rYe+Zzt9avr6txeLf3mNyHQLrRGXYWRAsumibiSwCXAcCu5wBcyIoSWUKW5vxaxPFWXGRpeyIXx/iv8n1VzWJVn3+jhTOp/FkUR76AAdIRedohK6RGVUQQzdo0f0jF6cB+fJeXXepq0JZzazi37Aef8C6rCZ+w==</latexit><latexit sha1_base64="JD4AqiinxO1XnPpCcvKZc12Ue2Y=">AAACB3icdVBNS0JBFJ1nX2ZfVssghiRoJfMkSxeB1KZFC4P8ABWZN151cN68x8y8QMxdm/5KmxZFtO0vtOvfNE8NLOrAhcM593LvPV4ouDaEfDqJhcWl5ZXkamptfWNzK729U9VBpBhUWCACVfeoBsElVAw3AuqhAup7Amre4CL2a7egNA/kjRmG0PJpT/IuZ9RYqZ3ev7prghBNRWVPwFnM54V2OkOyZAJMsrk8KRZikidu8cTF7szKoBnK7fRHsxOwyAdpmKBaN1wSmtaIKsOZgHGqGWkIKRvQHjQsldQH3RpN/hjjQ6t0cDdQtqTBE3V+YkR9rYe+Zzt9avr6txeLf3mNyHQLrRGXYWRAsumibiSwCXAcCu5wBcyIoSWUKW5vxaxPFWXGRpeyIXx/iv8n1VzWJVn3+jhTOp/FkUR76AAdIRedohK6RGVUQQzdo0f0jF6cB+fJeXXepq0JZzazi37Aef8C6rCZ+w==</latexit><latexit sha1_base64="JD4AqiinxO1XnPpCcvKZc12Ue2Y=">AAACB3icdVBNS0JBFJ1nX2ZfVssghiRoJfMkSxeB1KZFC4P8ABWZN151cN68x8y8QMxdm/5KmxZFtO0vtOvfNE8NLOrAhcM593LvPV4ouDaEfDqJhcWl5ZXkamptfWNzK729U9VBpBhUWCACVfeoBsElVAw3AuqhAup7Amre4CL2a7egNA/kjRmG0PJpT/IuZ9RYqZ3ev7prghBNRWVPwFnM54V2OkOyZAJMsrk8KRZikidu8cTF7szKoBnK7fRHsxOwyAdpmKBaN1wSmtaIKsOZgHGqGWkIKRvQHjQsldQH3RpN/hjjQ6t0cDdQtqTBE3V+YkR9rYe+Zzt9avr6txeLf3mNyHQLrRGXYWRAsumibiSwCXAcCu5wBcyIoSWUKW5vxaxPFWXGRpeyIXx/iv8n1VzWJVn3+jhTOp/FkUR76AAdIRedohK6RGVUQQzdo0f0jF6cB+fJeXXepq0JZzazi37Aef8C6rCZ+w==</latexit><latexit sha1_base64="JD4AqiinxO1XnPpCcvKZc12Ue2Y=">AAACB3icdVBNS0JBFJ1nX2ZfVssghiRoJfMkSxeB1KZFC4P8ABWZN151cN68x8y8QMxdm/5KmxZFtO0vtOvfNE8NLOrAhcM593LvPV4ouDaEfDqJhcWl5ZXkamptfWNzK729U9VBpBhUWCACVfeoBsElVAw3AuqhAup7Amre4CL2a7egNA/kjRmG0PJpT/IuZ9RYqZ3ev7prghBNRWVPwFnM54V2OkOyZAJMsrk8KRZikidu8cTF7szKoBnK7fRHsxOwyAdpmKBaN1wSmtaIKsOZgHGqGWkIKRvQHjQsldQH3RpN/hjjQ6t0cDdQtqTBE3V+YkR9rYe+Zzt9avr6txeLf3mNyHQLrRGXYWRAsumibiSwCXAcCu5wBcyIoSWUKW5vxaxPFWXGRpeyIXx/iv8n1VzWJVn3+jhTOp/FkUR76AAdIRedohK6RGVUQQzdo0f0jF6cB+fJeXXepq0JZzazi37Aef8C6rCZ+w==</latexit>
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We have the discrete Hamiltonian 
formulation…



plus constraint: Gauss’ Law
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choice



equivalently in terms of spins…

notice: not strictly 
necessary for TNS



SCHWINGER MODEL
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hopping

Jordan-Wigner → spin model
on the lattice



SCHWINGER MODEL
continuum QED

continuum limit

1+1 space-time discrete space-time

on the lattice

fermion mass m/g

lattice spacing ag

�(x) A(x) �n �n

Hamiltonian
+ Gauss law

fermions
photons

spin Hamiltonian
+ Gauss law

adimensional

� 0



for a TNS we need a basis
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but Gauss’ law fixes photon content
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SCHWINGER MODEL

but Gauss’ law fixes photon content

⇒ eliminate gauge dof
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introducing long range interactions
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can be written as a MPO of D=5

SCHWINGER MODEL
MPS representation for OPEN BOUNDARIES

non-local
terms

Long range 
interactions
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both possibilities



SCHWINGER MODEL

or integrating out the gauge dof

| . . . se so se so . . .�� � � all terms 
are local

basis

on the lattice

Gauss’ law needs to be imposed
infinite dimensional: truncation

|�0 . . . se so se so . . .��0
non-local

termsbasis
exact physical subspace
✗ does not generalize to bigger dimensions

works by Buyens et al., PRL 2014; arXiv:1509.00246
Rico et al., PRL 2014; NJP 2014

http://arxiv.org/abs/1509.00246


SPECTRAL PROPERTIES



SCHWINGER MODEL
Bound states

First excited state over GS

In same C, P sector as GS

vector

scalar

Different C, P charges from GS

lattice breaks 
symmetries

PBC →some remain
OBC →unique sector

Stability and efficiency



discrete system → finite lattice spacing

How to do the continuum calculation?

i
L



discrete system → finite lattice spacing

How to do the continuum calculation?

reduce lattice spacing → need larger size

i

L

alternative: infinite size



discrete system → finite lattice spacing

How to do the continuum calculation?

reduce lattice spacing → need larger size

extrapolate to vanishing spacing → possible 
divergences

x

L

alternative: infinite size



SCHWINGER MODEL
dimensionless Hamiltonian
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SCHWINGER MODEL
dimensionless Hamiltonian

x V

W0

x =
1

g2a2
� 0
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strong coupling

expansion

ground state | . . . 1 0 1 0 . . .�0 0 0



Scan parameters

COMPUTING THE SPECTRUM WITH MPS

x

N

D

m/g mass gaps and GS properties in 
the continuum x��

N � x

convergence

finite-size

x��

JHEP11(2013)158

alternative: infinite size

PRL113 (2014) 091601

x as large as possible



for each set (m/g, x, N, D) run the 
basic algorithm



H =

ALGORITHM

Verstraete, Porras, Cirac, PRL 2004
White, PRL 1992

Schollwöck, RMP 2005, Ann. Phys. 2011

Variational minimization of energy

Variational principle

sweep back and forth 
over tensors

min
A

ĀHe�A

ĀNe�A
min
{A}

��|H|��
��|��

iii

MPO 
Hamiltonian

|E0� �



H|�0� = E0|�0�

|�0�

|�1�
|�2� H1 = H + �0| 0ih 0|

<latexit sha1_base64="ZaDnJy1QqT8tgfVW4KYQ2hhlWQ4=">AAACFnicbVDLSgMxFL3js9ZX1aWbYBEEscyIoBuh6KbLCvYBnWHIZNI2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRByOOceknuChDOlbfvbWlpeWV1bL2wUN7e2d3ZLe/tNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQWD24nfeqBSsVjc62FCvQj3BOsygrWR/NJZzXeua6cuN5EQ+zYauXXFfNuVWPQ4RcaY3DNx5JfKdsWeAi0SJydlyFH3S19uGJM0okITjpXqOHaivQxLzQin46KbKppgMsA92jFU4IgqL5uuNUbHRglRN5bmCI2m6u9EhiOlhlFgJiOs+2rem4j/eZ1Ud6+8jIkk1VSQ2UPdlCMdo0lHKGSSEs2HhmAimfkrIn0sMdGmyaIpwZlfeZE0zyuO4XcX5epNXkcBDuEITsCBS6hCDerQAAKP8Ayv8GY9WS/Wu/UxG12y8swB/IH1+QNmjp5L</latexit><latexit sha1_base64="ZaDnJy1QqT8tgfVW4KYQ2hhlWQ4=">AAACFnicbVDLSgMxFL3js9ZX1aWbYBEEscyIoBuh6KbLCvYBnWHIZNI2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRByOOceknuChDOlbfvbWlpeWV1bL2wUN7e2d3ZLe/tNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQWD24nfeqBSsVjc62FCvQj3BOsygrWR/NJZzXeua6cuN5EQ+zYauXXFfNuVWPQ4RcaY3DNx5JfKdsWeAi0SJydlyFH3S19uGJM0okITjpXqOHaivQxLzQin46KbKppgMsA92jFU4IgqL5uuNUbHRglRN5bmCI2m6u9EhiOlhlFgJiOs+2rem4j/eZ1Ud6+8jIkk1VSQ2UPdlCMdo0lHKGSSEs2HhmAimfkrIn0sMdGmyaIpwZlfeZE0zyuO4XcX5epNXkcBDuEITsCBS6hCDerQAAKP8Ayv8GY9WS/Wu/UxG12y8swB/IH1+QNmjp5L</latexit><latexit sha1_base64="ZaDnJy1QqT8tgfVW4KYQ2hhlWQ4=">AAACFnicbVDLSgMxFL3js9ZX1aWbYBEEscyIoBuh6KbLCvYBnWHIZNI2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRByOOceknuChDOlbfvbWlpeWV1bL2wUN7e2d3ZLe/tNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQWD24nfeqBSsVjc62FCvQj3BOsygrWR/NJZzXeua6cuN5EQ+zYauXXFfNuVWPQ4RcaY3DNx5JfKdsWeAi0SJydlyFH3S19uGJM0okITjpXqOHaivQxLzQin46KbKppgMsA92jFU4IgqL5uuNUbHRglRN5bmCI2m6u9EhiOlhlFgJiOs+2rem4j/eZ1Ud6+8jIkk1VSQ2UPdlCMdo0lHKGSSEs2HhmAimfkrIn0sMdGmyaIpwZlfeZE0zyuO4XcX5epNXkcBDuEITsCBS6hCDerQAAKP8Ayv8GY9WS/Wu/UxG12y8swB/IH1+QNmjp5L</latexit><latexit sha1_base64="ZaDnJy1QqT8tgfVW4KYQ2hhlWQ4=">AAACFnicbVDLSgMxFL3js9ZX1aWbYBEEscyIoBuh6KbLCvYBnWHIZNI2NJMZkoxQpv0KN/6KGxeKuBV3/o1pOwttPRByOOceknuChDOlbfvbWlpeWV1bL2wUN7e2d3ZLe/tNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQWD24nfeqBSsVjc62FCvQj3BOsygrWR/NJZzXeua6cuN5EQ+zYauXXFfNuVWPQ4RcaY3DNx5JfKdsWeAi0SJydlyFH3S19uGJM0okITjpXqOHaivQxLzQin46KbKppgMsA92jFU4IgqL5uuNUbHRglRN5bmCI2m6u9EhiOlhlFgJiOs+2rem4j/eZ1Ud6+8jIkk1VSQ2UPdlCMdo0lHKGSSEs2HhmAimfkrIn0sMdGmyaIpwZlfeZE0zyuO4XcX5epNXkcBDuEITsCBS6hCDerQAAKP8Ayv8GY9WS/Wu/UxG12y8swB/IH1+QNmjp5L</latexit>

has         as GS|�1�

FOR EXCITATIONSSIMILAR

equivalent: next orthogonal eigenstate

assuming (offset) �0 + E0 > E1
<latexit sha1_base64="vLXJz2uBPEAtVmD3EFEr4t+lRPE=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIsgCCVTrLYbKUrBZQX7gHYYMplMG5p5kGSUMvZT3LhQxK1f4s6/MdNWUNEDgcM553JvjhtzJhVCH0ZuaXlldS2/XtjY3NreMYu7HRklgtA2iXgkei6WlLOQthVTnPZiQXHgctp1x5eZ372lQrIovFGTmNoBHobMZwQrLTlmccB12MMOOm466LzpWI5ZQmU0A0TlShXVaxmpIqt+akFrYZXAAi3HfB94EUkCGirCsZR9C8XKTrFQjHA6LQwSSWNMxnhI+5qGOKDSTmenT+GhVjzoR0K/UMGZ+n0ixYGUk8DVyQCrkfztZeJfXj9Rfs1OWRgnioZkvshPOFQRzHqAHhOUKD7RBBPB9K2QjLDAROm2CrqEr5/C/0mnUrY0vz4pNS4WdeTBPjgAR8ACZ6ABrkALtAEBd+ABPIFn4954NF6M13k0Zyxm9sAPGG+fi9qS4Q==</latexit><latexit sha1_base64="vLXJz2uBPEAtVmD3EFEr4t+lRPE=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIsgCCVTrLYbKUrBZQX7gHYYMplMG5p5kGSUMvZT3LhQxK1f4s6/MdNWUNEDgcM553JvjhtzJhVCH0ZuaXlldS2/XtjY3NreMYu7HRklgtA2iXgkei6WlLOQthVTnPZiQXHgctp1x5eZ372lQrIovFGTmNoBHobMZwQrLTlmccB12MMOOm466LzpWI5ZQmU0A0TlShXVaxmpIqt+akFrYZXAAi3HfB94EUkCGirCsZR9C8XKTrFQjHA6LQwSSWNMxnhI+5qGOKDSTmenT+GhVjzoR0K/UMGZ+n0ixYGUk8DVyQCrkfztZeJfXj9Rfs1OWRgnioZkvshPOFQRzHqAHhOUKD7RBBPB9K2QjLDAROm2CrqEr5/C/0mnUrY0vz4pNS4WdeTBPjgAR8ACZ6ABrkALtAEBd+ABPIFn4954NF6M13k0Zyxm9sAPGG+fi9qS4Q==</latexit><latexit sha1_base64="vLXJz2uBPEAtVmD3EFEr4t+lRPE=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIsgCCVTrLYbKUrBZQX7gHYYMplMG5p5kGSUMvZT3LhQxK1f4s6/MdNWUNEDgcM553JvjhtzJhVCH0ZuaXlldS2/XtjY3NreMYu7HRklgtA2iXgkei6WlLOQthVTnPZiQXHgctp1x5eZ372lQrIovFGTmNoBHobMZwQrLTlmccB12MMOOm466LzpWI5ZQmU0A0TlShXVaxmpIqt+akFrYZXAAi3HfB94EUkCGirCsZR9C8XKTrFQjHA6LQwSSWNMxnhI+5qGOKDSTmenT+GhVjzoR0K/UMGZ+n0ixYGUk8DVyQCrkfztZeJfXj9Rfs1OWRgnioZkvshPOFQRzHqAHhOUKD7RBBPB9K2QjLDAROm2CrqEr5/C/0mnUrY0vz4pNS4WdeTBPjgAR8ACZ6ABrkALtAEBd+ABPIFn4954NF6M13k0Zyxm9sAPGG+fi9qS4Q==</latexit><latexit sha1_base64="vLXJz2uBPEAtVmD3EFEr4t+lRPE=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIsgCCVTrLYbKUrBZQX7gHYYMplMG5p5kGSUMvZT3LhQxK1f4s6/MdNWUNEDgcM553JvjhtzJhVCH0ZuaXlldS2/XtjY3NreMYu7HRklgtA2iXgkei6WlLOQthVTnPZiQXHgctp1x5eZ372lQrIovFGTmNoBHobMZwQrLTlmccB12MMOOm466LzpWI5ZQmU0A0TlShXVaxmpIqt+akFrYZXAAi3HfB94EUkCGirCsZR9C8XKTrFQjHA6LQwSSWNMxnhI+5qGOKDSTmenT+GhVjzoR0K/UMGZ+n0ixYGUk8DVyQCrkfztZeJfXj9Rfs1OWRgnioZkvshPOFQRzHqAHhOUKD7RBBPB9K2QjLDAROm2CrqEr5/C/0mnUrY0vz4pNS4WdeTBPjgAR8ACZ6ABrkALtAEBd+ABPIFn4954NF6M13k0Zyxm9sAPGG+fi9qS4Q==</latexit>

�0
<latexit sha1_base64="zrxiPmjXQpYb8wpBsKXxsVuJDNw=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBFclYz43BXduKxgH9IOJZNJ29AkMyQZoQz9CjcuFHHr57jzb0zbER/ogcDhnHPJvSdMBDcW43dvbn5hcWm5sFJcXVvf2CxtbTdMnGrK6jQWsW6FxDDBFatbbgVrJZoRGQrWDIeXE795x7Thsbqxo4QFkvQV73FKrJNuO8JFI9LF3VIZV/AUCFeOsX9+4n8RP7fKkKPWLb11opimkilLBTGm7ePEBhnRllPBxsVOalhC6JD0WdtRRSQzQTZdeIz2nRKhXqzdUxZN1e8TGZHGjGTokpLYgfntTcS/vHZqe2dBxlWSWqbo7KNeKpCN0eR6FHHNqBUjRwjV3O2K6IBoQq3rqOhK+LwU/U8ahxXf8eujcvUir6MAu7AHB+DDKVThCmpQBwoS7uERnjztPXjP3sssOuflMzvwA97rB6QvkEw=</latexit><latexit sha1_base64="zrxiPmjXQpYb8wpBsKXxsVuJDNw=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBFclYz43BXduKxgH9IOJZNJ29AkMyQZoQz9CjcuFHHr57jzb0zbER/ogcDhnHPJvSdMBDcW43dvbn5hcWm5sFJcXVvf2CxtbTdMnGrK6jQWsW6FxDDBFatbbgVrJZoRGQrWDIeXE795x7Thsbqxo4QFkvQV73FKrJNuO8JFI9LF3VIZV/AUCFeOsX9+4n8RP7fKkKPWLb11opimkilLBTGm7ePEBhnRllPBxsVOalhC6JD0WdtRRSQzQTZdeIz2nRKhXqzdUxZN1e8TGZHGjGTokpLYgfntTcS/vHZqe2dBxlWSWqbo7KNeKpCN0eR6FHHNqBUjRwjV3O2K6IBoQq3rqOhK+LwU/U8ahxXf8eujcvUir6MAu7AHB+DDKVThCmpQBwoS7uERnjztPXjP3sssOuflMzvwA97rB6QvkEw=</latexit><latexit sha1_base64="zrxiPmjXQpYb8wpBsKXxsVuJDNw=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBFclYz43BXduKxgH9IOJZNJ29AkMyQZoQz9CjcuFHHr57jzb0zbER/ogcDhnHPJvSdMBDcW43dvbn5hcWm5sFJcXVvf2CxtbTdMnGrK6jQWsW6FxDDBFatbbgVrJZoRGQrWDIeXE795x7Thsbqxo4QFkvQV73FKrJNuO8JFI9LF3VIZV/AUCFeOsX9+4n8RP7fKkKPWLb11opimkilLBTGm7ePEBhnRllPBxsVOalhC6JD0WdtRRSQzQTZdeIz2nRKhXqzdUxZN1e8TGZHGjGTokpLYgfntTcS/vHZqe2dBxlWSWqbo7KNeKpCN0eR6FHHNqBUjRwjV3O2K6IBoQq3rqOhK+LwU/U8ahxXf8eujcvUir6MAu7AHB+DDKVThCmpQBwoS7uERnjztPXjP3sssOuflMzvwA97rB6QvkEw=</latexit><latexit sha1_base64="zrxiPmjXQpYb8wpBsKXxsVuJDNw=">AAAB8HicdVDLSgMxFL3js9ZX1aWbYBFclYz43BXduKxgH9IOJZNJ29AkMyQZoQz9CjcuFHHr57jzb0zbER/ogcDhnHPJvSdMBDcW43dvbn5hcWm5sFJcXVvf2CxtbTdMnGrK6jQWsW6FxDDBFatbbgVrJZoRGQrWDIeXE795x7Thsbqxo4QFkvQV73FKrJNuO8JFI9LF3VIZV/AUCFeOsX9+4n8RP7fKkKPWLb11opimkilLBTGm7ePEBhnRllPBxsVOalhC6JD0WdtRRSQzQTZdeIz2nRKhXqzdUxZN1e8TGZHGjGTokpLYgfntTcS/vHZqe2dBxlWSWqbo7KNeKpCN0eR6FHHNqBUjRwjV3O2K6IBoQq3rqOhK+LwU/U8ahxXf8eujcvUir6MAu7AHB+DDKVThCmpQBwoS7uERnjztPXjP3sssOuflMzvwA97rB6QvkEw=</latexit>



alternative: working with symmetric 
tensors in the TD limit



uniform MPS (uMPS)
Ansatz determined by a single tensor

for excitations:
X

n
<latexit sha1_base64="6Pqi1jZzzQCF3sQU8eix66U3oM0=">AAAB7XicbVDLSgMxFM34rPVVdekmWARXQyI+d0U3LivYB7RDyaRpG5vHkGSEMvQf3LhQxK3/486/MW0H1OqBC4dz7uXee+JEcOsQ+gwWFpeWV1YLa8X1jc2t7dLObt3q1FBWo1po04yJZYIrVnPcCdZMDCMyFqwRD68nfuOBGcu1unOjhEWS9BXvcUqcl+ptm8qO6pTKKDxF+PIMQxSiKb4JzkkZ5Kh2Sh/trqapZMpRQaxtYZS4KCPGcSrYuNhOLUsIHZI+a3mqiGQ2yqbXjuGhV7qwp40v5eBU/TmREWntSMa+UxI3sPPeRPzPa6WudxFlXCWpY4rOFvVSAZ2Gk9dhlxtGnRh5Qqjh/lZIB8QQ6nxARR8Cnn/5L6kfhxiF+PakXLnK4yiAfXAAjgAG56ACbkAV1AAF9+ARPIOXQAdPwWvwNmtdCPKZPfALwfsX1t+PSg==</latexit><latexit sha1_base64="6Pqi1jZzzQCF3sQU8eix66U3oM0=">AAAB7XicbVDLSgMxFM34rPVVdekmWARXQyI+d0U3LivYB7RDyaRpG5vHkGSEMvQf3LhQxK3/486/MW0H1OqBC4dz7uXee+JEcOsQ+gwWFpeWV1YLa8X1jc2t7dLObt3q1FBWo1po04yJZYIrVnPcCdZMDCMyFqwRD68nfuOBGcu1unOjhEWS9BXvcUqcl+ptm8qO6pTKKDxF+PIMQxSiKb4JzkkZ5Kh2Sh/trqapZMpRQaxtYZS4KCPGcSrYuNhOLUsIHZI+a3mqiGQ2yqbXjuGhV7qwp40v5eBU/TmREWntSMa+UxI3sPPeRPzPa6WudxFlXCWpY4rOFvVSAZ2Gk9dhlxtGnRh5Qqjh/lZIB8QQ6nxARR8Cnn/5L6kfhxiF+PakXLnK4yiAfXAAjgAG56ACbkAV1AAF9+ARPIOXQAdPwWvwNmtdCPKZPfALwfsX1t+PSg==</latexit><latexit sha1_base64="6Pqi1jZzzQCF3sQU8eix66U3oM0=">AAAB7XicbVDLSgMxFM34rPVVdekmWARXQyI+d0U3LivYB7RDyaRpG5vHkGSEMvQf3LhQxK3/486/MW0H1OqBC4dz7uXee+JEcOsQ+gwWFpeWV1YLa8X1jc2t7dLObt3q1FBWo1po04yJZYIrVnPcCdZMDCMyFqwRD68nfuOBGcu1unOjhEWS9BXvcUqcl+ptm8qO6pTKKDxF+PIMQxSiKb4JzkkZ5Kh2Sh/trqapZMpRQaxtYZS4KCPGcSrYuNhOLUsIHZI+a3mqiGQ2yqbXjuGhV7qwp40v5eBU/TmREWntSMa+UxI3sPPeRPzPa6WudxFlXCWpY4rOFvVSAZ2Gk9dhlxtGnRh5Qqjh/lZIB8QQ6nxARR8Cnn/5L6kfhxiF+PakXLnK4yiAfXAAjgAG56ACbkAV1AAF9+ARPIOXQAdPwWvwNmtdCPKZPfALwfsX1t+PSg==</latexit><latexit sha1_base64="6Pqi1jZzzQCF3sQU8eix66U3oM0=">AAAB7XicbVDLSgMxFM34rPVVdekmWARXQyI+d0U3LivYB7RDyaRpG5vHkGSEMvQf3LhQxK3/486/MW0H1OqBC4dz7uXee+JEcOsQ+gwWFpeWV1YLa8X1jc2t7dLObt3q1FBWo1po04yJZYIrVnPcCdZMDCMyFqwRD68nfuOBGcu1unOjhEWS9BXvcUqcl+ptm8qO6pTKKDxF+PIMQxSiKb4JzkkZ5Kh2Sh/trqapZMpRQaxtYZS4KCPGcSrYuNhOLUsIHZI+a3mqiGQ2yqbXjuGhV7qwp40v5eBU/TmREWntSMa+UxI3sPPeRPzPa6WudxFlXCWpY4rOFvVSAZ2Gk9dhlxtGnRh5Qqjh/lZIB8QQ6nxARR8Cnn/5L6kfhxiF+PakXLnK4yiAfXAAjgAG56ACbkAV1AAF9+ARPIOXQAdPwWvwNmtdCPKZPfALwfsX1t+PSg==</latexit>

(n)
<latexit sha1_base64="djQ+EW/vq9fD75I1RwNj7yBPrMk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYhDiZZkRn7egF48RzQOSJcxOZpMhs7PLzKwQlnyCFw+KePWLvPk3TpIFNVrQUFR1090VJIJrg9Cns7C4tLyyWlgrrm9sbm2XdnYbOk4VZXUai1i1AqKZ4JLVDTeCtRLFSBQI1gyG1xO/+cCU5rG8N6OE+RHpSx5ySoyV7iryqFsqI+8U4csz7CIPTfFNcE7KkKPWLX10ejFNIyYNFUTrNkaJ8TOiDKeCjYudVLOE0CHps7alkkRM+9n01LF7aJWeG8bKljTuVP05kZFI61EU2M6ImIGe9ybif147NeGFn3GZpIZJOlsUpsI1sTv52+1xxagRI0sIVdze6tIBUYQam07RhoDnX/5LGsceRh6+PSlXr/I4CrAPB1ABDOdQhRuoQR0o9OERnuHFEc6T8+q8zVoXnHxmD37Bef8CvQaNbQ==</latexit><latexit sha1_base64="djQ+EW/vq9fD75I1RwNj7yBPrMk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYhDiZZkRn7egF48RzQOSJcxOZpMhs7PLzKwQlnyCFw+KePWLvPk3TpIFNVrQUFR1090VJIJrg9Cns7C4tLyyWlgrrm9sbm2XdnYbOk4VZXUai1i1AqKZ4JLVDTeCtRLFSBQI1gyG1xO/+cCU5rG8N6OE+RHpSx5ySoyV7iryqFsqI+8U4csz7CIPTfFNcE7KkKPWLX10ejFNIyYNFUTrNkaJ8TOiDKeCjYudVLOE0CHps7alkkRM+9n01LF7aJWeG8bKljTuVP05kZFI61EU2M6ImIGe9ybif147NeGFn3GZpIZJOlsUpsI1sTv52+1xxagRI0sIVdze6tIBUYQam07RhoDnX/5LGsceRh6+PSlXr/I4CrAPB1ABDOdQhRuoQR0o9OERnuHFEc6T8+q8zVoXnHxmD37Bef8CvQaNbQ==</latexit><latexit sha1_base64="djQ+EW/vq9fD75I1RwNj7yBPrMk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYhDiZZkRn7egF48RzQOSJcxOZpMhs7PLzKwQlnyCFw+KePWLvPk3TpIFNVrQUFR1090VJIJrg9Cns7C4tLyyWlgrrm9sbm2XdnYbOk4VZXUai1i1AqKZ4JLVDTeCtRLFSBQI1gyG1xO/+cCU5rG8N6OE+RHpSx5ySoyV7iryqFsqI+8U4csz7CIPTfFNcE7KkKPWLX10ejFNIyYNFUTrNkaJ8TOiDKeCjYudVLOE0CHps7alkkRM+9n01LF7aJWeG8bKljTuVP05kZFI61EU2M6ImIGe9ybif147NeGFn3GZpIZJOlsUpsI1sTv52+1xxagRI0sIVdze6tIBUYQam07RhoDnX/5LGsceRh6+PSlXr/I4CrAPB1ABDOdQhRuoQR0o9OERnuHFEc6T8+q8zVoXnHxmD37Bef8CvQaNbQ==</latexit><latexit sha1_base64="djQ+EW/vq9fD75I1RwNj7yBPrMk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYhDiZZkRn7egF48RzQOSJcxOZpMhs7PLzKwQlnyCFw+KePWLvPk3TpIFNVrQUFR1090VJIJrg9Cns7C4tLyyWlgrrm9sbm2XdnYbOk4VZXUai1i1AqKZ4JLVDTeCtRLFSBQI1gyG1xO/+cCU5rG8N6OE+RHpSx5ySoyV7iryqFsqI+8U4csz7CIPTfFNcE7KkKPWLX10ejFNIyYNFUTrNkaJ8TOiDKeCjYudVLOE0CHps7alkkRM+9n01LF7aJWeG8bKljTuVP05kZFI61EU2M6ImIGe9ybif147NeGFn3GZpIZJOlsUpsI1sTv52+1xxagRI0sIVdze6tIBUYQam07RhoDnX/5LGsceRh6+PSlXr/I4CrAPB1ABDOdQhRuoQR0o9OERnuHFEc6T8+q8zVoXnHxmD37Bef8CvQaNbQ==</latexit>

span tangent space

GS can be found by iTEBD, iDMRG, TDVP…

well defined momentum

eikn
<latexit sha1_base64="PpSd9JRM/fnvLFFUC36o9Lg807s=">AAAB7nicbVDLSsNAFL3xWeur6tJNsAiuwoz43BXduKxgH9DGMplO2iGTSZiZCCX0I9y4UMSt3+POv3HaBtTqgQuHc+7l3nuCVHBtEPp0FhaXlldWS2vl9Y3Nre3Kzm5TJ5mirEETkah2QDQTXLKG4UawdqoYiQPBWkF0PfFbD0xpnsg7M0qZH5OB5CGnxFipxe5zHslxr1JF3inCl2fYRR6a4pvgglShQL1X+ej2E5rFTBoqiNYdjFLj50QZTgUbl7uZZimhERmwjqWSxEz7+fTcsXtolb4bJsqWNO5U/TmRk1jrURzYzpiYoZ73JuJ/Xicz4YWfc5lmhkk6WxRmwjWJO/nd7XPFqBEjSwhV3N7q0iFRhBqbUNmGgOdf/kuaxx5GHr49qdauijhKsA8HcAQYzqEGN1CHBlCI4BGe4cVJnSfn1XmbtS44xcwe/ILz/gW+x4/T</latexit><latexit sha1_base64="PpSd9JRM/fnvLFFUC36o9Lg807s=">AAAB7nicbVDLSsNAFL3xWeur6tJNsAiuwoz43BXduKxgH9DGMplO2iGTSZiZCCX0I9y4UMSt3+POv3HaBtTqgQuHc+7l3nuCVHBtEPp0FhaXlldWS2vl9Y3Nre3Kzm5TJ5mirEETkah2QDQTXLKG4UawdqoYiQPBWkF0PfFbD0xpnsg7M0qZH5OB5CGnxFipxe5zHslxr1JF3inCl2fYRR6a4pvgglShQL1X+ej2E5rFTBoqiNYdjFLj50QZTgUbl7uZZimhERmwjqWSxEz7+fTcsXtolb4bJsqWNO5U/TmRk1jrURzYzpiYoZ73JuJ/Xicz4YWfc5lmhkk6WxRmwjWJO/nd7XPFqBEjSwhV3N7q0iFRhBqbUNmGgOdf/kuaxx5GHr49qdauijhKsA8HcAQYzqEGN1CHBlCI4BGe4cVJnSfn1XmbtS44xcwe/ILz/gW+x4/T</latexit><latexit sha1_base64="PpSd9JRM/fnvLFFUC36o9Lg807s=">AAAB7nicbVDLSsNAFL3xWeur6tJNsAiuwoz43BXduKxgH9DGMplO2iGTSZiZCCX0I9y4UMSt3+POv3HaBtTqgQuHc+7l3nuCVHBtEPp0FhaXlldWS2vl9Y3Nre3Kzm5TJ5mirEETkah2QDQTXLKG4UawdqoYiQPBWkF0PfFbD0xpnsg7M0qZH5OB5CGnxFipxe5zHslxr1JF3inCl2fYRR6a4pvgglShQL1X+ej2E5rFTBoqiNYdjFLj50QZTgUbl7uZZimhERmwjqWSxEz7+fTcsXtolb4bJsqWNO5U/TmRk1jrURzYzpiYoZ73JuJ/Xicz4YWfc5lmhkk6WxRmwjWJO/nd7XPFqBEjSwhV3N7q0iFRhBqbUNmGgOdf/kuaxx5GHr49qdauijhKsA8HcAQYzqEGN1CHBlCI4BGe4cVJnSfn1XmbtS44xcwe/ILz/gW+x4/T</latexit><latexit sha1_base64="PpSd9JRM/fnvLFFUC36o9Lg807s=">AAAB7nicbVDLSsNAFL3xWeur6tJNsAiuwoz43BXduKxgH9DGMplO2iGTSZiZCCX0I9y4UMSt3+POv3HaBtTqgQuHc+7l3nuCVHBtEPp0FhaXlldWS2vl9Y3Nre3Kzm5TJ5mirEETkah2QDQTXLKG4UawdqoYiQPBWkF0PfFbD0xpnsg7M0qZH5OB5CGnxFipxe5zHslxr1JF3inCl2fYRR6a4pvgglShQL1X+ej2E5rFTBoqiNYdjFLj50QZTgUbl7uZZimhERmwjqWSxEz7+fTcsXtolb4bJsqWNO5U/TmRk1jrURzYzpiYoZ73JuJ/Xicz4YWfc5lmhkk6WxRmwjWJO/nd7XPFqBEjSwhV3N7q0iFRhBqbUNmGgOdf/kuaxx5GHr49qdauijhKsA8HcAQYzqEGN1CHBlCI4BGe4cVJnSfn1XmbtS44xcwe/ILz/gW+x4/T</latexit>
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<latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit><latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit><latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit><latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit>
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<latexit sha1_base64="6y0sjKfo9VOVJuFCFqb8vB5PEPg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCHcTKft0MkkzEyEEgpu/BU3LhRx60+482+ctllo64ELZ865l7n3hAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSWiDxDyW7RAU5UzQhmaa03YiKUQhp61weDPxWw9UKhaLez1KqB9BX7AeI6CNFNgHHvBkAFcVj3IeZLPX2DvFcBLYZafqTIEXiZuTMspRD+wvrxuTNKJCEw5KdVwn0X4GUjPC6bjkpYomQIbQpx1DBURU+dn0hjE+NkoX92JpSmg8VX9PZBApNYpC0xmBHqh5byL+53VS3bv0MyaSVFNBZh/1Uo51jCeB4C6TlGg+MgSIZGZXTAYggWgTW8mE4M6fvEiaZ1XXqbp35+XadR5HER2iI1RBLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AHWAZb6</latexit><latexit sha1_base64="6y0sjKfo9VOVJuFCFqb8vB5PEPg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCHcTKft0MkkzEyEEgpu/BU3LhRx60+482+ctllo64ELZ865l7n3hAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSWiDxDyW7RAU5UzQhmaa03YiKUQhp61weDPxWw9UKhaLez1KqB9BX7AeI6CNFNgHHvBkAFcVj3IeZLPX2DvFcBLYZafqTIEXiZuTMspRD+wvrxuTNKJCEw5KdVwn0X4GUjPC6bjkpYomQIbQpx1DBURU+dn0hjE+NkoX92JpSmg8VX9PZBApNYpC0xmBHqh5byL+53VS3bv0MyaSVFNBZh/1Uo51jCeB4C6TlGg+MgSIZGZXTAYggWgTW8mE4M6fvEiaZ1XXqbp35+XadR5HER2iI1RBLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AHWAZb6</latexit><latexit sha1_base64="6y0sjKfo9VOVJuFCFqb8vB5PEPg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCHcTKft0MkkzEyEEgpu/BU3LhRx60+482+ctllo64ELZ865l7n3hAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSWiDxDyW7RAU5UzQhmaa03YiKUQhp61weDPxWw9UKhaLez1KqB9BX7AeI6CNFNgHHvBkAFcVj3IeZLPX2DvFcBLYZafqTIEXiZuTMspRD+wvrxuTNKJCEw5KdVwn0X4GUjPC6bjkpYomQIbQpx1DBURU+dn0hjE+NkoX92JpSmg8VX9PZBApNYpC0xmBHqh5byL+53VS3bv0MyaSVFNBZh/1Uo51jCeB4C6TlGg+MgSIZGZXTAYggWgTW8mE4M6fvEiaZ1XXqbp35+XadR5HER2iI1RBLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AHWAZb6</latexit><latexit sha1_base64="6y0sjKfo9VOVJuFCFqb8vB5PEPg=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahgpREBN0IRTcuK9gHNCHcTKft0MkkzEyEEgpu/BU3LhRx60+482+ctllo64ELZ865l7n3hAlnSjvOt1VYWl5ZXSuulzY2t7Z37N29popTSWiDxDyW7RAU5UzQhmaa03YiKUQhp61weDPxWw9UKhaLez1KqB9BX7AeI6CNFNgHHvBkAFcVj3IeZLPX2DvFcBLYZafqTIEXiZuTMspRD+wvrxuTNKJCEw5KdVwn0X4GUjPC6bjkpYomQIbQpx1DBURU+dn0hjE+NkoX92JpSmg8VX9PZBApNYpC0xmBHqh5byL+53VS3bv0MyaSVFNBZh/1Uo51jCeB4C6TlGg+MgSIZGZXTAYggWgTW8mE4M6fvEiaZ1XXqbp35+XadR5HER2iI1RBLrpANXSL6qiBCHpEz+gVvVlP1ov1bn3MWgtWPrOP/sD6/AHWAZb6</latexit>

� = (`� b)
<latexit sha1_base64="gRfzzTMsURkj9v6crTdy/4dL5mA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNCNUHTjsoJ9QBPCZHrTDp08mJkIJdSNv+LGhSJu/Qt3/o3TNAttPXDhzDn3MvceP+FMKsv6NkpLyyura+X1ysbm1vaOubvXlnEqKLRozGPR9YkEziJoKaY4dBMBJPQ5dPzRzdTvPICQLI7u1TgBNySDiAWMEqUlzzxwfFDkquYA516WPybOKfZPPLNq1a0ceJHYBamiAk3P/HL6MU1DiBTlRMqebSXKzYhQjHKYVJxUQkLoiAygp2lEQpBull8wwcda6eMgFroihXP190RGQinHoa87Q6KGct6biv95vVQFl27GoiRVENHZR0HKsYrxNA7cZwKo4mNNCBVM74rpkAhClQ6tokOw509eJO2zum3V7bvzauO6iKOMDtERqiEbXaAGukVN1EIUPaJn9IrejCfjxXg3PmatJaOY2Ud/YHz+ADgflhM=</latexit><latexit sha1_base64="gRfzzTMsURkj9v6crTdy/4dL5mA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNCNUHTjsoJ9QBPCZHrTDp08mJkIJdSNv+LGhSJu/Qt3/o3TNAttPXDhzDn3MvceP+FMKsv6NkpLyyura+X1ysbm1vaOubvXlnEqKLRozGPR9YkEziJoKaY4dBMBJPQ5dPzRzdTvPICQLI7u1TgBNySDiAWMEqUlzzxwfFDkquYA516WPybOKfZPPLNq1a0ceJHYBamiAk3P/HL6MU1DiBTlRMqebSXKzYhQjHKYVJxUQkLoiAygp2lEQpBull8wwcda6eMgFroihXP190RGQinHoa87Q6KGct6biv95vVQFl27GoiRVENHZR0HKsYrxNA7cZwKo4mNNCBVM74rpkAhClQ6tokOw509eJO2zum3V7bvzauO6iKOMDtERqiEbXaAGukVN1EIUPaJn9IrejCfjxXg3PmatJaOY2Ud/YHz+ADgflhM=</latexit><latexit sha1_base64="gRfzzTMsURkj9v6crTdy/4dL5mA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNCNUHTjsoJ9QBPCZHrTDp08mJkIJdSNv+LGhSJu/Qt3/o3TNAttPXDhzDn3MvceP+FMKsv6NkpLyyura+X1ysbm1vaOubvXlnEqKLRozGPR9YkEziJoKaY4dBMBJPQ5dPzRzdTvPICQLI7u1TgBNySDiAWMEqUlzzxwfFDkquYA516WPybOKfZPPLNq1a0ceJHYBamiAk3P/HL6MU1DiBTlRMqebSXKzYhQjHKYVJxUQkLoiAygp2lEQpBull8wwcda6eMgFroihXP190RGQinHoa87Q6KGct6biv95vVQFl27GoiRVENHZR0HKsYrxNA7cZwKo4mNNCBVM74rpkAhClQ6tokOw509eJO2zum3V7bvzauO6iKOMDtERqiEbXaAGukVN1EIUPaJn9IrejCfjxXg3PmatJaOY2Ud/YHz+ADgflhM=</latexit><latexit sha1_base64="gRfzzTMsURkj9v6crTdy/4dL5mA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKkhJRNCNUHTjsoJ9QBPCZHrTDp08mJkIJdSNv+LGhSJu/Qt3/o3TNAttPXDhzDn3MvceP+FMKsv6NkpLyyura+X1ysbm1vaOubvXlnEqKLRozGPR9YkEziJoKaY4dBMBJPQ5dPzRzdTvPICQLI7u1TgBNySDiAWMEqUlzzxwfFDkquYA516WPybOKfZPPLNq1a0ceJHYBamiAk3P/HL6MU1DiBTlRMqebSXKzYhQjHKYVJxUQkLoiAygp2lEQpBull8wwcda6eMgFroihXP190RGQinHoa87Q6KGct6biv95vVQFl27GoiRVENHZR0HKsYrxNA7cZwKo4mNNCBVM74rpkAhClQ6tokOw509eJO2zum3V7bvzauO6iKOMDtERqiEbXaAGukVN1EIUPaJn9IrejCfjxXg3PmatJaOY2Ud/YHz+ADgflhM=</latexit>
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<latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit><latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit><latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit><latexit sha1_base64="0LOqBEd2XvOXK8NQteXMTliqITg=">AAACBHicbVDJSgNBEO1xjXEb9ZhLYxA8SJgRQY9RLx4jmAUy41DTqSRNeha6e4Qw5ODFX/HiQRGvfoQ3/8bOctDEBwWP96qoqhemgivtON/W0vLK6tp6YaO4ubW9s2vv7TdUkkmGdZaIRLZCUCh4jHXNtcBWKhGiUGAzHFyP/eYDSsWT+E4PU/Qj6MW8yxloIwV26fI+594J9VCIUZB7INI+UC9EDaPALjsVZwK6SNwZKZMZaoH95XUSlkUYayZAqbbrpNrPQWrOBI6KXqYwBTaAHrYNjSFC5eeTJ0b0yCgd2k2kqVjTifp7IodIqWEUms4IdF/Ne2PxP6+d6e6Fn/M4zTTGbLqomwmqEzpOhHa4RKbF0BBgkptbKeuDBKZNbkUTgjv/8iJpnFZcp+LenpWrV7M4CqREDskxcck5qZIbUiN1wsgjeSav5M16sl6sd+tj2rpkzWYOyB9Ynz8uH5fL</latexit>
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<latexit sha1_base64="T7PyopfgZNHx/Ly3wR+1DqQ0apc=">AAACG3icbVDLSsNAFJ34rPVVdekmWASlWJIi6EYounFZwT6gqeVmemMHJ5MwMxFKyH+48VfcuFDEleDCv3HaZqHVA8OcOede7tzjx5wp7Thf1tz8wuLScmGluLq2vrFZ2tpuqSiRFJs04pHs+KCQM4FNzTTHTiwRQp9j27+7GPvte5SKReJaj2LshXArWMAoaCP1SzUPOe+nno8asrP8ATweQlbxAgk0PThyD29YZXKJLK1l/VLZqToT2H+Jm5MyydHolz68QUSTEIWmHJTquk6seylIzSjHrOglCmOgd3CLXUMFhKh66WS3zN43ysAOImmO0PZE/dmRQqjUKPRNZQh6qGa9sfif1010cNpLmYgTjYJOBwUJt3Vkj4OyB0wi1XxkCFDJzF9tOgSTiDZxFk0I7uzKf0mrVnWdqnt1XK6f53EUyC7ZIwfEJSekTi5JgzQJJQ/kibyQV+vRerberPdp6ZyV9+yQX7A+vwGiS6B3</latexit><latexit sha1_base64="T7PyopfgZNHx/Ly3wR+1DqQ0apc=">AAACG3icbVDLSsNAFJ34rPVVdekmWASlWJIi6EYounFZwT6gqeVmemMHJ5MwMxFKyH+48VfcuFDEleDCv3HaZqHVA8OcOede7tzjx5wp7Thf1tz8wuLScmGluLq2vrFZ2tpuqSiRFJs04pHs+KCQM4FNzTTHTiwRQp9j27+7GPvte5SKReJaj2LshXArWMAoaCP1SzUPOe+nno8asrP8ATweQlbxAgk0PThyD29YZXKJLK1l/VLZqToT2H+Jm5MyydHolz68QUSTEIWmHJTquk6seylIzSjHrOglCmOgd3CLXUMFhKh66WS3zN43ysAOImmO0PZE/dmRQqjUKPRNZQh6qGa9sfif1010cNpLmYgTjYJOBwUJt3Vkj4OyB0wi1XxkCFDJzF9tOgSTiDZxFk0I7uzKf0mrVnWdqnt1XK6f53EUyC7ZIwfEJSekTi5JgzQJJQ/kibyQV+vRerberPdp6ZyV9+yQX7A+vwGiS6B3</latexit><latexit sha1_base64="T7PyopfgZNHx/Ly3wR+1DqQ0apc=">AAACG3icbVDLSsNAFJ34rPVVdekmWASlWJIi6EYounFZwT6gqeVmemMHJ5MwMxFKyH+48VfcuFDEleDCv3HaZqHVA8OcOede7tzjx5wp7Thf1tz8wuLScmGluLq2vrFZ2tpuqSiRFJs04pHs+KCQM4FNzTTHTiwRQp9j27+7GPvte5SKReJaj2LshXArWMAoaCP1SzUPOe+nno8asrP8ATweQlbxAgk0PThyD29YZXKJLK1l/VLZqToT2H+Jm5MyydHolz68QUSTEIWmHJTquk6seylIzSjHrOglCmOgd3CLXUMFhKh66WS3zN43ysAOImmO0PZE/dmRQqjUKPRNZQh6qGa9sfif1010cNpLmYgTjYJOBwUJt3Vkj4OyB0wi1XxkCFDJzF9tOgSTiDZxFk0I7uzKf0mrVnWdqnt1XK6f53EUyC7ZIwfEJSekTi5JgzQJJQ/kibyQV+vRerberPdp6ZyV9+yQX7A+vwGiS6B3</latexit><latexit sha1_base64="T7PyopfgZNHx/Ly3wR+1DqQ0apc=">AAACG3icbVDLSsNAFJ34rPVVdekmWASlWJIi6EYounFZwT6gqeVmemMHJ5MwMxFKyH+48VfcuFDEleDCv3HaZqHVA8OcOede7tzjx5wp7Thf1tz8wuLScmGluLq2vrFZ2tpuqSiRFJs04pHs+KCQM4FNzTTHTiwRQp9j27+7GPvte5SKReJaj2LshXArWMAoaCP1SzUPOe+nno8asrP8ATweQlbxAgk0PThyD29YZXKJLK1l/VLZqToT2H+Jm5MyydHolz68QUSTEIWmHJTquk6seylIzSjHrOglCmOgd3CLXUMFhKh66WS3zN43ysAOImmO0PZE/dmRQqjUKPRNZQh6qGa9sfif1010cNpLmYgTjYJOBwUJt3Vkj4OyB0wi1XxkCFDJzF9tOgSTiDZxFk0I7uzKf0mrVnWdqnt1XK6f53EUyC7ZIwfEJSekTi5JgzQJJQ/kibyQV+vRerberPdp6ZyV9+yQX7A+vwGiS6B3</latexit>

` = `�
<latexit sha1_base64="IqzeesL0Vzq6xP8QULf1XiyiaYo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QhFNy4r2Ac0IUymN+3QySTMTJQS+yluXCji1i9x5984abPQ1gP3cjjnXubOCVPOlHacb2tldW19Y7OyVd3e2d3bt2sHHZVkkkKbJjyRvZAo4ExAWzPNoZdKIHHIoRuObwq/+wBSsUTc60kKfkyGgkWMEm2kwK55wPlV0YLcC0GTaWDXnYYzA14mbknqqEQrsL+8QUKzGISmnCjVd51U+zmRmlEO06qXKUgJHZMh9A0VJAbl57PTp/jEKAMcJdKU0Him/t7ISazUJA7NZEz0SC16hfif1890dOnnTKSZBkHnD0UZxzrBRQ54wCRQzSeGECqZuRXTEZGEapNW1YTgLn55mXTOGq7TcO/O683rMo4KOkLH6BS56AI10S1qoTai6BE9o1f0Zj1ZL9a79TEfXbHKnUP0B9bnD2R7lBM=</latexit><latexit sha1_base64="IqzeesL0Vzq6xP8QULf1XiyiaYo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QhFNy4r2Ac0IUymN+3QySTMTJQS+yluXCji1i9x5984abPQ1gP3cjjnXubOCVPOlHacb2tldW19Y7OyVd3e2d3bt2sHHZVkkkKbJjyRvZAo4ExAWzPNoZdKIHHIoRuObwq/+wBSsUTc60kKfkyGgkWMEm2kwK55wPlV0YLcC0GTaWDXnYYzA14mbknqqEQrsL+8QUKzGISmnCjVd51U+zmRmlEO06qXKUgJHZMh9A0VJAbl57PTp/jEKAMcJdKU0Him/t7ISazUJA7NZEz0SC16hfif1890dOnnTKSZBkHnD0UZxzrBRQ54wCRQzSeGECqZuRXTEZGEapNW1YTgLn55mXTOGq7TcO/O683rMo4KOkLH6BS56AI10S1qoTai6BE9o1f0Zj1ZL9a79TEfXbHKnUP0B9bnD2R7lBM=</latexit><latexit sha1_base64="IqzeesL0Vzq6xP8QULf1XiyiaYo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QhFNy4r2Ac0IUymN+3QySTMTJQS+yluXCji1i9x5984abPQ1gP3cjjnXubOCVPOlHacb2tldW19Y7OyVd3e2d3bt2sHHZVkkkKbJjyRvZAo4ExAWzPNoZdKIHHIoRuObwq/+wBSsUTc60kKfkyGgkWMEm2kwK55wPlV0YLcC0GTaWDXnYYzA14mbknqqEQrsL+8QUKzGISmnCjVd51U+zmRmlEO06qXKUgJHZMh9A0VJAbl57PTp/jEKAMcJdKU0Him/t7ISazUJA7NZEz0SC16hfif1890dOnnTKSZBkHnD0UZxzrBRQ54wCRQzSeGECqZuRXTEZGEapNW1YTgLn55mXTOGq7TcO/O683rMo4KOkLH6BS56AI10S1qoTai6BE9o1f0Zj1ZL9a79TEfXbHKnUP0B9bnD2R7lBM=</latexit><latexit sha1_base64="IqzeesL0Vzq6xP8QULf1XiyiaYo=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUQE3QhFNy4r2Ac0IUymN+3QySTMTJQS+yluXCji1i9x5984abPQ1gP3cjjnXubOCVPOlHacb2tldW19Y7OyVd3e2d3bt2sHHZVkkkKbJjyRvZAo4ExAWzPNoZdKIHHIoRuObwq/+wBSsUTc60kKfkyGgkWMEm2kwK55wPlV0YLcC0GTaWDXnYYzA14mbknqqEQrsL+8QUKzGISmnCjVd51U+zmRmlEO06qXKUgJHZMh9A0VJAbl57PTp/jEKAMcJdKU0Him/t7ISazUJA7NZEz0SC16hfif1890dOnnTKSZBkHnD0UZxzrBRQ54wCRQzSeGECqZuRXTEZGEapNW1YTgLn55mXTOGq7TcO/O683rMo4KOkLH6BS56AI10S1qoTai6BE9o1f0Zj1ZL9a79TEfXbHKnUP0B9bnD2R7lBM=</latexit>

`↵
<latexit sha1_base64="0KhS+Bu0DxGS+BwwtmSRsEzS82E=">AAAB9HicbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7AM6Q8mkmTY0kxmTTKEM/Q43LhRx68e4829M21lo9cCFwzn3cu89QSK4Ngh9OWvrG5tb24Wd4u7e/sFh6ei4reNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ1gfDv3OxOmNI/lg5kmzI/IUPKQU2Ks5HtMiH7mEZGMyKxfKiO3inD9CkPkVqqoXkOWoAUgzkkZ5Gj2S5/eIKZpxKShgmjdwygxfkaU4VSwWdFLNUsIHZMh61kqScS0ny2OnsFzqwxgGCtb0sCF+nMiI5HW0yiwnRExI73qzcX/vF5qwpqfcZmkhkm6XBSmApoYzhOAA64YNWJqCaGK21shHRFFqLE5FW0IePXlv6RdcTFy8f1luXGTx1EAp+AMXAAMrkED3IEmaAEKHsETeAGvzsR5dt6c92XrmpPPnIBfcD6+AV77knw=</latexit><latexit sha1_base64="0KhS+Bu0DxGS+BwwtmSRsEzS82E=">AAAB9HicbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7AM6Q8mkmTY0kxmTTKEM/Q43LhRx68e4829M21lo9cCFwzn3cu89QSK4Ngh9OWvrG5tb24Wd4u7e/sFh6ei4reNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ1gfDv3OxOmNI/lg5kmzI/IUPKQU2Ks5HtMiH7mEZGMyKxfKiO3inD9CkPkVqqoXkOWoAUgzkkZ5Gj2S5/eIKZpxKShgmjdwygxfkaU4VSwWdFLNUsIHZMh61kqScS0ny2OnsFzqwxgGCtb0sCF+nMiI5HW0yiwnRExI73qzcX/vF5qwpqfcZmkhkm6XBSmApoYzhOAA64YNWJqCaGK21shHRFFqLE5FW0IePXlv6RdcTFy8f1luXGTx1EAp+AMXAAMrkED3IEmaAEKHsETeAGvzsR5dt6c92XrmpPPnIBfcD6+AV77knw=</latexit><latexit sha1_base64="0KhS+Bu0DxGS+BwwtmSRsEzS82E=">AAAB9HicbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7AM6Q8mkmTY0kxmTTKEM/Q43LhRx68e4829M21lo9cCFwzn3cu89QSK4Ngh9OWvrG5tb24Wd4u7e/sFh6ei4reNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ1gfDv3OxOmNI/lg5kmzI/IUPKQU2Ks5HtMiH7mEZGMyKxfKiO3inD9CkPkVqqoXkOWoAUgzkkZ5Gj2S5/eIKZpxKShgmjdwygxfkaU4VSwWdFLNUsIHZMh61kqScS0ny2OnsFzqwxgGCtb0sCF+nMiI5HW0yiwnRExI73qzcX/vF5qwpqfcZmkhkm6XBSmApoYzhOAA64YNWJqCaGK21shHRFFqLE5FW0IePXlv6RdcTFy8f1luXGTx1EAp+AMXAAMrkED3IEmaAEKHsETeAGvzsR5dt6c92XrmpPPnIBfcD6+AV77knw=</latexit><latexit sha1_base64="0KhS+Bu0DxGS+BwwtmSRsEzS82E=">AAAB9HicbVDLSgMxFM34rPVVdekmWARXQ1KstruiG5cV7AM6Q8mkmTY0kxmTTKEM/Q43LhRx68e4829M21lo9cCFwzn3cu89QSK4Ngh9OWvrG5tb24Wd4u7e/sFh6ei4reNUUdaisYhVNyCaCS5Zy3AjWDdRjESBYJ1gfDv3OxOmNI/lg5kmzI/IUPKQU2Ks5HtMiH7mEZGMyKxfKiO3inD9CkPkVqqoXkOWoAUgzkkZ5Gj2S5/eIKZpxKShgmjdwygxfkaU4VSwWdFLNUsIHZMh61kqScS0ny2OnsFzqwxgGCtb0sCF+nMiI5HW0yiwnRExI73qzcX/vF5qwpqfcZmkhkm6XBSmApoYzhOAA64YNWJqCaGK21shHRFFqLE5FW0IePXlv6RdcTFy8f1luXGTx1EAp+AMXAAMrkED3IEmaAEKHsETeAGvzsR5dt6c92XrmpPPnIBfcD6+AV77knw=</latexit>

a
<latexit sha1_base64="9exCotMHAD9MmNsirYKDG5VO+3E=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUYP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENBr6NEw==</latexit><latexit sha1_base64="9exCotMHAD9MmNsirYKDG5VO+3E=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUYP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENBr6NEw==</latexit><latexit sha1_base64="9exCotMHAD9MmNsirYKDG5VO+3E=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUYP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENBr6NEw==</latexit><latexit sha1_base64="9exCotMHAD9MmNsirYKDG5VO+3E=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzUYP1CkbhlQqtXFBO3VCbVCrGELIBpRoooQ71f+OwNYp6GEBkumdZdShLjTZkygkuY5XuphoTxMRtC19KIhaC96eLQGT63ygAHsbIVGbxQf05MWaj1JPRtZ8jMSK96c/E/r5uaoOJNRZSkBiK+XBSkEpsYz7/GA6GAGzmxhHEl7K2Yj5hi3Nhs8jYEuvryX9IquZS4tHFZrN1kceTQKTpDF4iia1RDd6iOmogjQE/oBb06D86z8+a8L1vXnGzmBP2C8/ENBr6NEw==</latexit>

`�
<latexit sha1_base64="AIySeh46q11l0nhZiO7Ro3wPRH4=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8LTPBaHILevEYwTwgu4TZSScZMvtgZlYIS37DiwdFvPoz3vwbJ8keNFrQUFR1090VJFJoQ8iXs7a+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6AdMgRQQtI4yEbqKAhYGETjC5nfudR1BaxNGDmSbgh2wUiaHgzFjJ80DKfuYFYNisXyoTt0po/Ypi4laqpF4jlpAFMM1JGeVo9kuf3iDmaQiR4ZJp3aMkMX7GlBFcwqzopRoSxidsBD1LIxaC9rPFzTN8bpUBHsbKVmTwQv05kbFQ62kY2M6QmbFe9ebif14vNcOan4koSQ1EfLlomEpsYjwPAA+EAm7k1BLGlbC3Yj5minFjYyraEOjqy39Ju+JS4tL7y3LjJo+jgE7RGbpAFF2jBrpDTdRCHCXoCb2gVyd1np03533ZuubkMyfoF5yPb5Rlkgg=</latexit><latexit sha1_base64="AIySeh46q11l0nhZiO7Ro3wPRH4=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8LTPBaHILevEYwTwgu4TZSScZMvtgZlYIS37DiwdFvPoz3vwbJ8keNFrQUFR1090VJFJoQ8iXs7a+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6AdMgRQQtI4yEbqKAhYGETjC5nfudR1BaxNGDmSbgh2wUiaHgzFjJ80DKfuYFYNisXyoTt0po/Ypi4laqpF4jlpAFMM1JGeVo9kuf3iDmaQiR4ZJp3aMkMX7GlBFcwqzopRoSxidsBD1LIxaC9rPFzTN8bpUBHsbKVmTwQv05kbFQ62kY2M6QmbFe9ebif14vNcOan4koSQ1EfLlomEpsYjwPAA+EAm7k1BLGlbC3Yj5minFjYyraEOjqy39Ju+JS4tL7y3LjJo+jgE7RGbpAFF2jBrpDTdRCHCXoCb2gVyd1np03533ZuubkMyfoF5yPb5Rlkgg=</latexit><latexit sha1_base64="AIySeh46q11l0nhZiO7Ro3wPRH4=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8LTPBaHILevEYwTwgu4TZSScZMvtgZlYIS37DiwdFvPoz3vwbJ8keNFrQUFR1090VJFJoQ8iXs7a+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6AdMgRQQtI4yEbqKAhYGETjC5nfudR1BaxNGDmSbgh2wUiaHgzFjJ80DKfuYFYNisXyoTt0po/Ypi4laqpF4jlpAFMM1JGeVo9kuf3iDmaQiR4ZJp3aMkMX7GlBFcwqzopRoSxidsBD1LIxaC9rPFzTN8bpUBHsbKVmTwQv05kbFQ62kY2M6QmbFe9ebif14vNcOan4koSQ1EfLlomEpsYjwPAA+EAm7k1BLGlbC3Yj5minFjYyraEOjqy39Ju+JS4tL7y3LjJo+jgE7RGbpAFF2jBrpDTdRCHCXoCb2gVyd1np03533ZuubkMyfoF5yPb5Rlkgg=</latexit><latexit sha1_base64="AIySeh46q11l0nhZiO7Ro3wPRH4=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8LTPBaHILevEYwTwgu4TZSScZMvtgZlYIS37DiwdFvPoz3vwbJ8keNFrQUFR1090VJFJoQ8iXs7a+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6AdMgRQQtI4yEbqKAhYGETjC5nfudR1BaxNGDmSbgh2wUiaHgzFjJ80DKfuYFYNisXyoTt0po/Ypi4laqpF4jlpAFMM1JGeVo9kuf3iDmaQiR4ZJp3aMkMX7GlBFcwqzopRoSxidsBD1LIxaC9rPFzTN8bpUBHsbKVmTwQv05kbFQ62kY2M6QmbFe9ebif14vNcOan4koSQ1EfLlomEpsYjwPAA+EAm7k1BLGlbC3Yj5minFjYyraEOjqy39Ju+JS4tL7y3LjJo+jgE7RGbpAFF2jBrpDTdRCHCXoCb2gVyd1np03533ZuubkMyfoF5yPb5Rlkgg=</latexit>

b
<latexit sha1_base64="Qao3mlRZzmCoiuf+knCumNqC+IA=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzU8PuFInHLhFavKCZuqUyqFWIJWQDTjBRRhnq/8NkbxDwNITJcMq27lCTGmzJlBJcwy/dSDQnjYzaErqURC0F708WhM3xulQEOYmUrMnih/pyYslDrSejbzpCZkV715uJ/Xjc1QcWbiihJDUR8uShIJTYxnn+NB0IBN3JiCeNK2FsxHzHFuLHZ5G0IdPXlv6RVcilxaeOyWLvJ4sihU3SGLhBF16iG7lAdNRFHgJ7QC3p1Hpxn5815X7auOdnMCfoF5+MbCEKNFA==</latexit><latexit sha1_base64="Qao3mlRZzmCoiuf+knCumNqC+IA=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzU8PuFInHLhFavKCZuqUyqFWIJWQDTjBRRhnq/8NkbxDwNITJcMq27lCTGmzJlBJcwy/dSDQnjYzaErqURC0F708WhM3xulQEOYmUrMnih/pyYslDrSejbzpCZkV715uJ/Xjc1QcWbiihJDUR8uShIJTYxnn+NB0IBN3JiCeNK2FsxHzHFuLHZ5G0IdPXlv6RVcilxaeOyWLvJ4sihU3SGLhBF16iG7lAdNRFHgJ7QC3p1Hpxn5815X7auOdnMCfoF5+MbCEKNFA==</latexit><latexit sha1_base64="Qao3mlRZzmCoiuf+knCumNqC+IA=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzU8PuFInHLhFavKCZuqUyqFWIJWQDTjBRRhnq/8NkbxDwNITJcMq27lCTGmzJlBJcwy/dSDQnjYzaErqURC0F708WhM3xulQEOYmUrMnih/pyYslDrSejbzpCZkV715uJ/Xjc1QcWbiihJDUR8uShIJTYxnn+NB0IBN3JiCeNK2FsxHzHFuLHZ5G0IdPXlv6RVcilxaeOyWLvJ4sihU3SGLhBF16iG7lAdNRFHgJ7QC3p1Hpxn5815X7auOdnMCfoF5+MbCEKNFA==</latexit><latexit sha1_base64="Qao3mlRZzmCoiuf+knCumNqC+IA=">AAAB6HicbVDLTgJBEJz1ifhCPXqZSEw8bWaIKNyIXjxCIo8ENmR26IWR2UdmZk0I4Qu8eNAYr36SN//GAfagaCWdVKq6093lJ1JoQ8iXs7a+sbm1ndvJ7+7tHxwWjo5bOk4VhyaPZaw6PtMgRQRNI4yETqKAhb6Etj++nfvtR1BaxNG9mSTghWwYiUBwZqzU8PuFInHLhFavKCZuqUyqFWIJWQDTjBRRhnq/8NkbxDwNITJcMq27lCTGmzJlBJcwy/dSDQnjYzaErqURC0F708WhM3xulQEOYmUrMnih/pyYslDrSejbzpCZkV715uJ/Xjc1QcWbiihJDUR8uShIJTYxnn+NB0IBN3JiCeNK2FsxHzHFuLHZ5G0IdPXlv6RVcilxaeOyWLvJ4sihU3SGLhBF16iG7lAdNRFHgJ7QC3p1Hpxn5815X7auOdnMCfoF5+MbCEKNFA==</latexit>

i
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truncate



IDENTIFYING THE LEVELS

lattice with OBC
intermediate states need to be 
reconstructed before reaching the scalar

momentum excitations of the vector

lattice with PBC or TI
orthogonal subspaces

GS & scalar ⟷ vector

need to recognize the scalar

approximate symmetry transformations
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continuum limit: extrapolations
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main uncertainty: continuum 
extrapolation form unknown

systematic and conservative 
estimation of the errors



better precision than any earlier numerics

3 continuum limit
finite-size scaling2
truncation error1

same game for 
massive case

m/g DMRG MPS with 
OBC [1]

gauge inv. 
uMPS [2]

0 0.5641859 0.56414(26) 0.56418(2) 

125 0.53950(7) 0.53946(20) 0.539491(8) 

0.25 0.51918(5) 0.51915(14) 0.51917(2) 

0.5 0.48747(2) 0.48748(6) 0.487473(7) 

SCE MPS with 
OBC [1]

gauge inv. 
uMPS [2]

1,128379 1.1283(10) -
1.22(2) 1.2155(28) 1.222(4)

1.24(3) 1.2239(22) 1.2282(4) 

1.20(3) 1.1998(17) 1.2004(1) 

[1] MCB, Cichy, Cirac, Jansen JHEP11(2013)158
[2] Buyens et al. PRL113 (2014) 091601



MPS give us access to observables: 
expectation values



MPS STATES ➞ OBSERVABLES

chiral condensate in the GS: order parameter 
for chiral symmetry breaking (m/g=0)

no exact value known for m/g≠0
only estimations de Forcrand et al. 97

Hosotani 97
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MPS STATES ➞ OBSERVABLES

chiral condensate in the GS: order parameter 
for chiral symmetry breaking (m/g=0)

no exact value known for m/g≠0
only estimations de Forcrand et al. 97

Hosotani 97

�
x

L

�

n

(�1)n 1 + �3
n

2
in the spin language

logarithmic divergence ➞ same as in non-interacting case
substract exact non-interacting 
condensate

�
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=
��̄��

g

from Buyens et al. arXiv:1411.0020
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CHIRAL CONDENSATE
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uMPS: how important is the 
truncation of gauge dof?



from B. Buyens

symmetric MPS has block structure

a maximum bond 
dimension per block

`� = `↵ +
(�1)i + (�1)n
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decay of Schmidt values required D towards cont

D increases as x1/2



THERMAL STATES



THERMAL PROPERTIES SCHWINGER
chiral condensate at finite T: analytical for m/g=0

smooth 
restoration of 
chiral symmetry
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Tagliacozzo et al PRX 2014
 Haegeman et al PRX 2014
Zohar et al Ann Phys 2015

arXiv:1807.01294

explicitly gauge invariant PEPS
restricted ansatz calculations

ACTIVE RESEARCH: PEPS FOR LGT

Zapp, Orús PRD 2017

computational cost, required D

restriction of the ansatz may be better strategy
e.g. fully Gaussian PEPS Zohar, Cirac PRD 2018

standard PEPS toolbox contains all ingredients 
for full variational computation



particular problems where standard techniques do not 
work

Proof of feasibility of  TNS for LQFT
precisions comparable to earlier numerics
more adequate ansatzes possible massive fermions

Very useful for Q Simulators
chemical potential, time evolution

CONCLUSION

study the effects of finite dimensions
design dynamics, observables, ...

see refs. in arXiv:1810.12838
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particular problems where standard techniques do not 
work

Proof of feasibility of  TNS for LQFT
precisions comparable to earlier numerics
more adequate ansatzes possible massive fermions

Very useful for Q Simulators
chemical potential, time evolution

THANKS

study the effects of finite dimensions
design dynamics, observables, ...

see refs. in arXiv:1810.12838
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