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A MENU OF TENSOR NETWORKS FOR 2D

* Physics in 2D is very interesting & challenging
= Hubbard model for High-Tc superconductors still puzzling
= quantum Hall effect(s) & topological matter
= frustrated systems & spin liquids (fractionalization)
= rich phenomenology out-of-equilibrium (interfaces, ...)

= |ack of analytics & numerics wrt 1D (& 3D... mean-field-ish)



A MENU OF TENSOR NETWORKS FOR 2D

* Physics in 2D is very interesting & challenging

? What tensor networks should we use to study it?

Good theory tells:
PEPS

Verstraete & Cirac, cond-mat/0407066v 1
v entang. boundary law

— no canonical form
— very costly contraction

— tricky approx. optimization



A MENU OF TENSOR NETWORKS FOR 2D :

* Physics in 2D is very interesting & challenging

? What tensor networks should we use to study it?

Practise often turns out to be:
chmder-MPS

(a)

Motruk et al, PRB 93, 155139 ('16) Zaletel & Pollmann,
PRL 124, 037201 (‘20)



A MENU OF TENSOR NETWORKS FOR 2D ;

* Physics in 2D is very interesting & challenging

? What tensor networks should we use to study it?

Practise often turns out to be:
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A MENU OF TENSOR NETWORKS FOR 2D :

* Physics in 2D is very interesting & challenging

h /@c‘/
O/VQ
? What tensor networks should we use to study it? 5@,@

Good theory tells: Practise often turns out to be: R4

" PEPS )

Verstraete & Cirac, cond-mat/0407066v 1
v entang. boundary law

— no canonical form ~ area law only on averaga

¥ canonical form
84 v cheap contraction O(y*)
WL P! v MPS-like optimization
¥ v PBC at no extra cost J

— very costly contraction
t tricky approx. optimizationj
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Overview of TN approaches for 2D

Tree Tensor Networks (TTN):
* Basic definitions & operations

% App 1: statics of (bosonic) fractional quantum Hall

* App 2: dynamics of interfaces (2D Ising)

* other applications & extensions

Projected Entangled Pair States (PEPS):
* Variational algorithm for infinite systems

* App: statics of (bosonic) fractional quantum Hall

% Stochastic reconfiguration for finite systems

Conclusion



TREE TENSOR NETWORKS (TTN)
BASIC DEFINITIONS & OPERATIONS

P. Silvi, et al. (MR) SciPost Phys. Lect. Notes 8 (2019)



BASIC IDEAS OF TTN
[ NS

. m” < min(m’*, m)

RG ﬂOW Q Q ;{%K Q m’ < d? y%: L D
d @\\: 2

physical space (possibly 2D)

Shietal.,, PRA 74, 022320 (‘06) / Tagliacozzo et al., PRB 80, 235127 (‘09) / Ferris, PRB 87, 125139 ('13) / ...

+ a lot by Montangero’s group in recent years (e.g., T. Feller’s PhD thesis)

v loop-free structures (just like MPS)

v better coverage of the space / approx. boundary law

v allow for power-law correlations (at least on average)

v tall-skinny tensors can fruitfully exploit GPU-features

Similar to multi-configuration time-dep. Hartree approach in g-chemistry
Morrison & Fischer PRA 35, 2429 (‘87) / Lode et al., RMP 92, 011001 (‘20)

Different from TN for tree-like structures (e.g., molecules)

Murg, et al., PRB 82, 205105 (2010) / Nakatani & Chan, J. Chem. Phys. 138, 134113 (2013)/ ...



TTN FEATURES :

P. Silvi, et al. (MR) SciPost Phys. Lect. Notes 8 (2019)

A loop-free TN shares all good properties with MPS:

e.g., possibility of an isometric gauge with an orthogonality center

(a) (b) (¢)
(d)

(w|olsly)

(e)

and also the possibility of a canonical gauge (not used in practice)



TTN FEATURES 8
?

apply RG alternatively along x &y * 1D mapping along Hilbert curve

layer 1@ layer 2@
layer 3@ layer 4@

~ } i } { I } Tt
y N AL Vs O l l O
-~ RN T ® ®
><\‘\ & ® T__T ®
} { [ { o | ot
v’ much shorter average graph distance for physically close-by sites
0.30
0.51 | Snake L1 Hilbert
0.251
,\0'4— 0201
§0.3- §0.15- -
E'/O.Q' 0.4 0.10_
0.1 0.05 HH
0.0 . 1 1 A A0Annan0 0.00 : — s B 98 HH :
' 10° 10! 10° 10*
dmps drrN

| worse case scales ~ log L instead of ~ L
Cataldi et al., Quantum 5, 556 (2021)



TTN FEATURES ;

' apply RG alternatively along x &y * 1D mapping along Hilbert curve

layer 1@ layer 2@
layer 3@ layer 4@

T
© ®
it

v much shorter average graph distance for physically close-by sites

Cataldi et al., Quantum 5, 556 (2021)



TTN BASIC OPS: ORTHOGONALITY CENTER -

P. Silvi, et al. (MR) SciPost Phys. Lect. Notes 8 (2019)

Move the center of the isometric gauge via sequential QR

N -
contract




TTN BASIC OPS: EFFECTIVE HAMILTONIAN -

P. Silvi, et al. (MR) SciPost Phys. Lect. Notes 8 (2019)

Use Tensor Product Operators & book-keeping
(MPO goes also transparently through, but bond-dim. grows with L)

-»- MPO
-%-Jocal sum

O-].I I |
64 128 256 512

Bond dimension y




TTN BASIC OPS: EFFECTIVE HAMILTONIAN

P. Silvi, et al. (MR) SciPost Phys. Lect. Notes 8 (2019)

Update effective Hamiltonian after center move
(only requires few new contractions, like MPS)




TTN BASIC OPS: OPTIMIZE & COMPRESS -

P. Silvi, et al. (MR) SciPost Phys. Lect. Notes 8 (2019)

Optimize via standard eigenvalue problems
& compress via singular value decomposition (SVD)

= &
N\

s t &

Of course, possibility of defining an hybrid strategy (expander)
to cope with symmetry sectors at a cheaper cost (as in MPS)...

(a)




TTN GROUND STATE SEARCH 1

P. Silvi, et al. (MR) SciPost Phys. Lect. Notes 8 (2019)

P. Silvi, et al. (MR)
SciPost Phys. Lecture Notes 8 (2019)



TTN GROUND STATE SEARCH 8

PP TTTT L TITTTTTTTITTITTLONN

A

SciPost Phys. Lecture Notes 8 (2019)

B

Initialization
1

e define network geometry
e define sweep sequence
e initialize TN state

Configure 1st root node
|

e select 1st optimization center
e install unitary gauge

e renormalize physical Hamiltonian
to effective Hamiltonian

Optimization loop
I

e increment sweep counter e

e optimize root node
e make next node in sweep root
- adjust gauge

- adjust eff. Hamiltonian

Y

sweep no
sequence end?

Y yes

energy no

(_ ............. SEEE—

converged?

Vyes
Finalization

e measure observables

e compute (bi)partitions entanglement

P Silvi, et al. (MR)

&

Tvar
( H
.

var

EEEEEEEEE S EEE SN EEE SN EEEEEEE SN EEEENEEEEEEEEEEEEEE

P. Silvi, et al. (MR) SciPost Phys. Lect. Notes 8 (2019)

Configure 1st root node
|

e select 1st optimization center
e install unitary gauge

e renormalize physical Hamiltonian
to effective Hamiltonian

| ) (¥|0il¥)
( | ( @
(¢I
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TTN GROUND STATE SEARCH 1

P. Silvi, et al. (MR) SciPost Phys. Lect. Notes 8 (2019)

P. Silvi, et al. (MR)
SciPost Phys. Lecture Notes 8 (2019)



TTN GROUND STATE SEARCH 1

P. Silvi, et al. (MR) SciPost Phys. Lect. Notes 8 (2019)

yes

P. Silvi, et al. (MR)
SciPost Phys. Lecture Notes 8 (2019)



TTN: TIME EVOLUTION VIA TDVP y

WV. Krinitsin, et al. (MR) arXiv:2505.07612 (PRB)

With the same machinery, we can apply TDVP (just like to MPS)

Haegeman, et al., PRL 107, 070601 (‘11) & PRB 94, 165116 (‘16)
Paeckel et al, Annals of Physics 411, 167998 (‘19)
Kloss et al, SciPost Phys. 9, 070 (‘20)

Al — +He[lf’fi] Al (tensors)
L = —H[lf?] L% (bonds)

€

i0,| W) = Pr(Vg) H |Vp) wp

One possible recipe:

sweep the path alternatively

a)
h (counter-)clockwise
&

@ apply (half-)time steps, iff.

e ~ O(6t°) 01 01




TTN: TECHNICAL REMARK ON GPU s

WV. Krinitsin, et al. (MR) arXiv:2505.07612 (PRB)
dx xx (MPS)
x> x x (TTN) tall & skinny!

Typical (flattened) tensor size:

As such, they profit at best from GPU acceleration

a)

o 21003

= I

'§ 10'5

” 1 -+QR - SVD - Mul
b) I 1 I 1

R
Bond dimension y Bond dimension x

speedup
full TDVP step single tensor
[—
_ O

- O O
raul ovoaaal o oaaal o
Ll




TREE TENSOR NETWORKS (TTN)

APP 1: STATICS OF (BOSONIC)
FRACTIONAL QUANTUM HALL STATES




HARPER-HOFSTADTER MODEL "

simplest lattice discretization of QH Hamiltonian:

.

1€

.

.
I

Bose-Hubbard model + piercing magnetic flux @111 1@ @@
o "o "0 "0 "0 "0 "0 o
BOOIOIGGOIONE
three length-scales a = ¢/Po IQIQIRIQICICIE
ncompetition /by = vEra  C.CLs ClGiC)
v =pla N2 / 1@@EILCI@ @)

p =N/ (8,@1C T2

e
©

\/
8

ED works showed large overlap with FQH continuum wavefunctions
even at sizeable finite fluxes, where lattice effects might matter:

L hli —1/2 Serensen, Demler, Lukin, PRL 94, 086803 (2005)
aughiin b= Hafezi, et al., PRA 76, 023613 (2007)

Moore-Read (Pfaffian) v = 1  Mazza, MR, Lewenstein, Cirac, PRA 82, 043629 (2010)

Composite Fermion Theory for Bosons  Méller, Cooper, PRL 103, 105303 (2009)




LOW-ENERGY SPECTRUM VIATIN e

M. Gerster, et al. (MR) PRB 96, 195123 (2017)

@ 121¢1C121CIC] (a) FE1—Ey — |
""""" bond m ~ 400 Ey— Eyg —
Bocgenooey 0.09
e : :Q'jfff : : discarded < 10-6 0.06
........ 003
0
0

v well gapped & doubly degenerate ground manifold for (twisted) PBC
for OBC, instead, £y — B = E1 — Eq




MANY-BODY CHERN NUMBER 9

M. Gerster, et al. (MR) PRB 96, 195123 (2017)

(a) —Ep —— Ao/ (d) Qo q/ (e) 1/27T ZO AL
0.09 0.8 . 3 05
0.06 0 0.6 — 2
0 0.2 g ST —0.f
O 0 0 0 ()_ — o
9 0, 9

Y. Hatsugai, J. Phys. Soc. Jpn. 73, 2604 (2004) & 74, 1374 (2005)

Discrete procedure based on  Hafezi, Serensen, Lukin, and Demler, EPL 81, 10005 (2007)
Mazza, MR, Lewenstein, and Cirac, PRA 82,043629 (2010)

(@) check that GS manifold is well-defined at all twists
(b)-(c) choose two reference multiplets & define scalar fields from GS projector P
Aoy = det(®Y|P(0,,0,)|D})
(d) if topological, one needs to “patch” the two fields & get a field
Qp_g = arg(det(®%|P(0,,0,)|Pr))

(e) count the branch cuts (with sign) in either of the two regions

v MBCN / deg(GS) = 1/2 !




CORRELATION FUNCTIONS & EDGE MODES =

M. Gerster, et al. (MR) PRB 96, 195123 (2017)

i PBC OBC
|
. = T 1 _ 1 Elo\lpl [
Green functions s 5 = 83y
" /) — < T > >:‘/ 1 - "o '\.iﬁr““*—n
G(@, 275y, y) = (0 yQay) 3 R e
= y | : 1 -e-|o o .
;3 .'./ | i 2 ) //
@H \ /. — 0.01 — 4 ® \,
— : S|l 8 —e- ¢
N L] [T T 11 1
== 10 12 14 16 2 4 6 8 10 12 14 16
Y
o Y - Y
L=16,N=8,¢=1/16 = ° OBC, L =32, N=16

- — T T T T T T}
T 1 | PBC —e— A
< OBC - - J]
+ 0.5 "/—
© © 00000060 0 0 0 0 0 0 0 /;3 /—t\ A 7’£/
S 0 @@@&@W@?@@@@
~ 4
Local currents = 05 1% 1
> N
AN . T g -1¢ —
Ix (37, y) — 1 <a’33—|-1,ya’x7y ax+1vya$ay> N L R B B B I I R B B
~ 2 4 6 & 10 12 14 16 5 10 15 20 25 30
Yy Yy

v observables consistent with gapped bulk & gapiéss edge modes!




ENTANGLEMENT ENTROPY 2

M. Gerster, et al. (MR) PRB 96, 195123 (2017)

a b
(a) (b)
; A B
m = al| D C
150 o 3
o 200 o = a =t a -]
250 (C)
300 e 0.75 F 7 ' I T
% 350 |
K m— o0 X 0.5 />:<
/X v=0.47+0.19 - - 095 L o i
~_ 4 =1/2 (TEE of Laughlin v = 1/2) ' _Km = 00 X
']-_ 1 1 1 1 1 | O‘%Z/ |’7:|1/2 L]
0 5 10 15 20 25 30 35 1 2 3 4
14 a

. . | _ A Kitaev and J. Preskill, PRL 96, | 10404 (2006)
Topological correction toarea law: S (£) = € — 7y [ B0 Ri 96, 110405 (2006)

—Y=854+5p+Sc+5Sp—54B —SBc —Scp —Spa+ Saco
related to “quantum dimension” of anyonic excitations: Laughlin ¥ = 1/q ==> v = logs +/q

X consistency with topological predictions (though not conclusive)




DENSITY PROFILES & QUASI-HOLES 2

E. Macaluso, et al. (MR) PRR 2,013145 (2020)

: : a = 0.25 a = 0.15
v Harmonic confinement: ' 016 r
flat incompressible profile 012
X s
l EX 008 = S
S
+ pinning potential 004

to generate quasi-holes 1

1 8 16

l z/a 0.00 z/a

E. Macaluso, et al.,

v Charge & braiding statistics from depletion profiles PRL123, 266801 (2019)

én]-
—a/2 —a/4 0.0 a/4 a/2 / /
[ I |
- =\ - - -
v Q= [ dpd(p) = J dp [n(p) - noQH(p)]
I n i1 " i
T - 2 - -
-—|d [d _2d ]
T 6 T 8 6 1 8 16 2T 212 [ PP 2QH(p) IQH(p)
z/a z/a z/a B
0.6 ‘
diqu(p) e (b)
RS dau(p) ® 101
o 04 \‘\\ \’\ X
= a K 05 g o ———
30.2- N & ¥ o Jwx._.
= NN L 3
= * Ne HH model @
] ™. 0e8- B ® ] I 0.0 #------- N 1 4 Discr. Laughlin x|
o0 (a) ‘.‘ﬁ:rg:.:“*' i i Laughlin --—-
0 1 9 3 0 2 6 0 2 4 6

Vz/t P [lB]4 Rmax [lB]



TREE TENSOR NETWORKS (TTN)

APP 2: DYNAMICS OF 2D ISING MODELS
[m] -5 [m]

W. Krinitsin et al. (MR), PRL 134, 240402 ('25) il
W. Krinitsin, et al. (MR) arXiv:2505.076 12 (PRB)

L



INTERFACES IN THE 2D ISING MODEL y

W. Krinitsin et al. (MR), PRL 134, 240402 ('25)

Hypr = —JZO' oy, —QZO'

(j,k)

tJ=0 tJ=10 tJ=100

Initial do_r:\am-wall TTN-2D & TDVP

quench in transverse field

Imbalance <I> = <O'x>top — <0'$>bottom

Domain-walls D = Z (j,j’} 1 — a;”af,)

transverse field g/J

Entanglement entropy (sanity check)

0 0.5 10° 10" 10°
time tJ

' Long-lived non-thermal plateaus up to g/J~1 ?



INTERFACES IN THE 2D ISING MODEL .

W. Krinitsin et al. (MR), PRL 134, 240402 ('25)

HTFI——JZU ak—gZa

(7,k)

' Long-lived non-thermal plateaus up to g/J~1 ?

g/J < 1: effective PXP model —> Hilbert-space fragmentation
Hpxp = = ha?+g(I)i( I+ 1001+l 1+he.)

F. Balducci, etal., PRL129, 120601 ('22) & PRB 107, 024306 ('23)
L. Pavesic, et al, PRB 111, L140305 (‘25) also TTN :-)

BUT here we have too long domain walls to be perturbative!



INTERFACES IN THE 2D ISING MODEL 2

W. Krinitsin et al. (MR), PRL 134, 240402 ('25)

Hrpr = —J Z U;-Caﬁ —gZaj
(5,k) j

' Long-lived non-thermal plateaus up to g/J~1 ?

Quantum phase transition at (g.,0)

Classical phase transition at (0,7,)




INTERFACES IN THE 2D ISING MODEL 2

W. Krinitsin et al. (MR), PRL 134, 240402 ('25)

HTFI——JZU ak—gZa

(7,k)

' Long-lived non-thermal plateaus up to g/J~1 ?

Quantum phase transition at (g.,0)

Classical phase transition at (0,7,)

Quantum roughening transition at (gz,0)

Hasenfratz3 Nucl. Phys. B 180, 353 (1981)
Fradkin PRB 28,5338 (1983)




INTERFACES IN THE 2D ISING MODEL 2

W. Krinitsin et al. (MR), PRL 134, 240402 ('25)

HTFI——JZU ak—gZa

(7,k)

' Long-lived non-thermal plateaus up to g/J~1 ?

Quantum phase transition at (g.,0)
Classical phase transition at (0,7,)

Quantum roughening transition at (gz,0)

Hasenfratz3 Nucl. Phys. B 180, 353 (1981)
(aCtua”y d BKT) Fradkin PRB 28,5338 (1983)

No classical roughening in 2D, but ...
.. finite-size effects are very persistent!




INTERFACES IN THE 2D ISING MODEL 2

W. Krinitsin et al. (MR), PRL 134, 240402 ('25)

Hrpr = —J Z afai —gZaj
(3,k) j

' Long-lived non-thermal plateaus up to g/J~1 ?

Quantum phase transition at (g.,0)

!
1. PM Classical phase transition at (0,7,)
@ I ° e _ o
= ! Quantum roughening transition at (g,0)
+ ! Hasenfratz3 Nucl. Phys. B 180, 353 (1981)
g : (aCtua”y d BKT) Fradkin PRB 28, 5338¥(’I983)
W
o I
% : No classical roughening in 2D, but ...
0 ; ... finite-size effects are very persistent!

O gR gc

: Effective temperature via quench ener
transverse field g P X gy



INTERFACES IN THE 2D ISING MODEL 2

W. Krinitsin et al. (MR), PRL 134, 240402 ('25)
r I yA
Hypi=—J )  ojof—g) 0;
(4,k) j

Quantum roughening transition at (gz,0) (actually a BKT)

Hasenfratz3 Nucl. Phys. B 180, 353 (1981)
Fradkin PRB 28, 5338 (1983)

No classical roughening in 2D, but ... finite-size effects are very persistent!

No overhangs, no bubbles ==> Solid-On-Solid effective model

Ha = [2J\Nj+1 — N;| —g(E; + Ej)]

J
: : const g < gRr
Kyi(a,l) = cos(a(Ny — N;))  lim lim Ky(a,l) =
a—01l—oo 0 g > JR
b) C) L, increases
« b ' | —s
s = ®
= -~
8 0 5 - Nmax = 05 N 8
% increases IE o full
= e x effective x ¥
“ 04 . 0 - : | | |
0 1 g/ 2 01 02 03 04 05 06 0.5 1.0 1.5

transverse field g/.J temperature 7/.J transverse field g/ J




TREE TENSOR NETWORKS (TTN)
OTHER APPLICATIONS & EXTENSIONS



TREE TENSOR NETWORKS (TTN)
OTHER APPLICATIONS & EXTENSIONS

S
Install Quantum TEA

Select values to generate command

Application Schrédinger/Lindblad Quantum circuits Machine learning

Quantum
TEA

Tensor library Numpy PyTorch

Disabled

Source code

Symmetric tensors Enabled

O

www.quantumtea.it ~ S. Montangero’s group
(Uni Padua, IT)

Installation type



(SOME) OTHER APPLICATIONS OFTIN -
i T

1.6

(=]
w

Entanglement of formation 1+ =%,

of mixed many-body states &

Z" 1.2

Ep(N,T) - 4log,N

po= bk via Tree Tensor Operators %, Com
M:M M:MX Arceci, Silvi, Montangero, PRL 128, 040501 ('22) Tsi
0.81 SINEZ
' 0.00 0.01 0.02 0.03 0.04 0.05
T
Hybrid Tree Tensor Networks Ab-initio TTN digital twin

for Quantum Simulation of Rydberg-atom quantum computer

Schuhmacher, et al., PRX QUANTUM 6, 010320 (2025) Jaschke, et al., Quantum Sci. & Tech. 9, 035055 ('24)
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SEN——  — 25— —
=R = =

[—py
e
e

~—
—
el

Aqeqoid
=
|

H
S

Probability Non-GHZ
10791072 1078 1077 1075 107% 10=% 1073 102




(SOME) OTHER APPLICATIONS OF TTN 0

Lattice Quantum Electrodynamics in (3+1)-dimensions at finite density
Magnifico, et al., Nature Comm. 12, 3600 ('21)

e f
1.0 : : . : :
——— - | —
e D
1 0.8¢ 0
Q co- ] —
/ / - o‘.‘:\ ©°- [ =18
. . 0.6 “;
- F o Py
|
/ / / : 0.4f B
e / B
0.2} 2
9 =4
0
0'0—3 -2 -1 0 1 2 3
m

Quantum-inspired Machine Learning on high-energy physics data (LHCb)

Felser, et al., npj Quantum Info. 7, 111 ('21)

Detection

. 9
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' 2
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AUGMENTED TTN: EVEN BETTER? ;

Felser, et al., PRL 126, 170603 (‘21) + Reinic, et al., arXiv:2507.21236

® Insert dis-entanglers to better cope
> with boundary-law at reasonable cost

Disentanglers = aTTN
y — —
unitary 2-body
gates
‘ ‘ disentangler
layer X
TF-Isi | t itical Hei b tri |
a) b) c) 102 a) b) c)
TIN /
gl —3.176 -3.176 — ] TTN
X aTTN T ~2.041 | —2.04
< MPS o 10 ; ‘ aTTN .
a177l? 2179 P /7 —2.05{ 1 + MPS —2.05{" g 10
—3. 4 —3. ° s | |
e € © I £ 100]/ © e | RN . \ :
» | o s —2.06{ —2.06 E
B 4 D
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IZI e o / « aTTN: acm?¥7 ] ! :
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Overview of TN approaches for 2D

Tree Tensor Networks (TTN):
* Basic definitions & operations

% App 1: statics of (bosonic) fractional quantum Hall

* App 2: dynamics of interfaces (2D Ising)

* other applications & extensions

Projected Entangled Pair States (PEPS):
* Variational algorithm for infinite systems

* App: statics of (bosonic) fractional quantum Hall

% Stochastic reconfiguration for finite systems

Conclusion



PROJECTED ENTANGLED PAIR STATES (PEPS)

VARIATIONAL CALCULATIONS
FOR INFINITE SYSTEMS

J. Naumann et al. (MR), SciPost Phys. Lect. Notes 86 ('24)

J. Naumann et al. (MR), Phys. Rev. B 111, 235116 ('25) ;:' =



P] Tl[z] Tl[a] g] F} Tl[z] Tl[J] éj]
plil pPlil

(GIH])

rgmin
|¢>a€ pPEPS (¥[¥)

7 a a, B
(Y|p) = T
FAE UF

V Contraction of 2D loopy networks scale exponentially with size

@ Attack systems directly in the thermodynamic limit!
XB

A
: . XB XB
Different unit cells: /Q/
XB d




CORNER TRANSFER-MATRIX RG .

— /%: b XE G
= Wl = :
8- g

' Attack systems directly in the thermodynamic limit!

V Computationally intensive tensor operations

% aé o




CURNER TRANSFER-MATRIX RG "

— //%: b XE G
=] Wiy = :
8- g

! Attack systems directly in the thermodynamic limit!

V Computationally intensive tensor operations

% Aowarny A o f

;I 1I1V
3  ~ M@' ~ P[ *
.“. O (X%XB) delicate! %




CORNER TRANSFER-MATRIX RG :
'. % 7%70‘ (b + xixd) # #@ (X%X}%)Ml_
Yo & o

ST =inv (\/S_L)

delicate!

Repeat for each direction
(and unit-cell tensor)
until convergence!
Typically 100s iterations!
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VARIATIUNAL I- PEPS 1st pioneering work by P.gr.:)roz PRB 94, 035133 (20$Z)

o wiH)
v) e PEPS (V1Y)
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TN
VARIATI 0 NAL I- PEPS 1st pioneering work by P. Co:ooz PRB 94, 035133 (20$Z)

argmin W H[Y)
4 ¢ PEPS (V1Y)

L
SRR
6'1:!—:++++...
Ty :# = [-%o...} + [o-:o..,} + [oo:_...}jL o -: ) @ - coe
SRR
+ . ) ::%
-0 B
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:
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+
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\N
VARIATIUNAL I- PEPS 1st pioneering work by P.go!r.:)roz PRB 94, 035133 (ZO:IaZ)

o wiH)
v) e PEPS (V1Y)

7& Effective generalized eigenvalue problem

(0| H|) ﬁ _ E@ O(l)
I e




VARIATIONAL |-PEPS: AUTOMATIC DIFFERENTIATION =

x; € R" = input, intermediate results, outputs

@ @ f; = "elementary” functions with known Jacobians

................. a . ' ' |
.'0...‘.J1 .'0...‘.J2 "....‘. J3 (]j f— i : an % an —I_ 1 >< an

l l Chain-rule: VE = — = g3 - 92 - 1
6’x1
@ @ Forward-mode 74
Gj = g5 - Gj_l GO = ]Inl VE — Gg
Backward-mode 7

@‘_@‘_@‘_@) Gj:=Gj11-9; Gy =1, VE =G,

é

i) fix-point condition allows to keep memory light! e*(4) = f (4,¢e"(A4))

V Backward-mode way more convenient for iPEPS:

\) cheaper operations: Nout = 1 < Nip = dXp



VARIATIONAL |-PEPS: AUTOMATIC DIFFERENTIATION =

V Backward-mode way more convenient for iPEPS:

|) cheaper operations: Nout = 1 K< Nip = dXp

i) fix-point condition allows to keep memory light! e*(A) = f (A, e*(A))

€= %A Oae” = 0af + Ocf - One”

C4 T3 C 3 /

((1 — 0 f) - Oae” = 3Af)

linear problem, efficient!
l l
(0A<H> = 0AE 4 0+ - 8Ae*)

cyl

a‘ ...now use your favourite
gradient search method...

Tang et al.,

BUT watch out that gauge degrees of freedom do not trick you! _.x:.,.2508.10822



BENCHMARKS: S=1/2 MODELS

_0.382b\ ‘ ‘ ‘ (a) YN T L\ (b) AN ¢ “““
Shastry-Sutherland .. X ; f |
- M S0 LA s
I N S G W W ~0.383 0 0 |
Y P9 N ? T : T ““““ /... T : T ¥ 0 o T
b B N G -0.3835) By, & * N ! : TV
O0— : ¢ A /\ ¢ [ /\ * /\
—Cx O— -0.384+ o ,
w” ©00000000000000000000600000000000000660000000 (c) (d)
—Q Q ‘b_ -0.3845} . | -0.372 Q\\ -4--simple update 0 N
—0 o— ~0.385} - © ~full update > ] 0a73) \| o ubdate 008 o
' —a— variational update |
AENSR anen e e -0.3855
-0.386}
P. Corboz PRB 94, 035133 (201 6) -0.3865 w w ‘
0 10 20 30 40
[ or iteration
Heisenberg
—0.428f _ 1
i e Simple Update
—0.430F o Variational Update
_0.432- ----- variational MC XB Eo (SU) Eo (VU)
2 -0.42802 -0.43360
g 0434 ) 3 -0.43511 -0.43732
o * 4 -0.43924 -0.43988
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, et r e 5 -0.43967 -0.44016
0,438 6 -0.44006 -0.44034
) o
—0.440} @ 8 o | | | |
E. Weerda, J. Naumann, MR, 015 020 025 030 035 040 045 050

J. Eisert, P. Schmoll, arXiv:2308.12358 1/x5



[(E) = (Eecom (X B max )|/ | (Ecom (X max )|

ACCELERATING I-PEPS: SPLIT-CTMRG

41

J. Naumann et al. (MR), Phys. Rev.B 111, 235116 ('25)

! Split 4-leg tensors into pairs of 3-leg ones...

XE C1 XE Ti(et T{)I‘a Oy
tEli(et‘l'XB wmﬂ jgﬂ
(V) ~ Ty % 15 ~ XTI S
z,y A
Ti)ra ‘ Té)ra
2,y
04 T3 03 C 4 Tket Tbra C 3

... get comparable precision much cheaper / higher precision much faster

10-3

10-6

10—°

10—12

T T T T T T
° o Conventional CTMRG
o split-CTMRG
o®
°
o0
®
® 9 ° —
o0 o...
¢ eo_o
Q... ® 0,0 1
> 00..... ..0.0..
%
o® ®
. —
| | | | | |
50 100 150 200 250 300
XE = XI

Time (s) of single absorption step

I I I T T T T T
10* e Conventional CTMRG PR
- | ® split-CTMRG ) >
- ____Linearﬁt: XBGO:EO.2 ”’
10° | -~ - Linear fit:  p3-0+0-2 o E
; XB ,/’ "’_‘ : —0.5444 |-
- 7’ ” —~
/, ’f’ m
102 E_ 8 ,,:{”—f‘ _E ~
- ® '4/”
y —0.5445
10! | _” =
| | | | | | |
3 4 5 6 7 8 9 10

x B (at fixed yg = xr = 170)

T I I |
@ Conventional CTMRG
o split-CTMRG

O0Oomm O
I | | |

100 150 200 250
Time (h)




PROJECTED ENTANGLED PAIR STATES (PEPS)

VARIPEPS FOR
(BOSONIC) FRACTIONAL HALL STATES

E.L. Weerda, MR, PRB 109, L241117 (2024)
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HARPER-HOFSTADTER MODEL

-__YC,C,CQC C C C .
-._YC.C.CA.C & C..C .
- ._Yc,c,chom wﬂ 9
|._vCrC¢C¢mP§§ mmﬂ _-m&._.l
BCACHCACACHCHC
BCACAC/CH C C C_- !
-_CCCCCCC_-
= > -
.© »
C
£ |8
=
c O ~— | ~—
T mnu A<y =
T © | MB I
g € S I
5 2
c 'O
25  w
® o0 9
N = @ 5
o O X
25 538
298 5 3ES
T € S € |l
g2 o n
(V] QO C
88 £°
._m..v >
o L
o O
0
= m

same model as before for the TTN :-)




FQR-IPEPS: PLATEAUS i

Harper-Hofstadter model with tunable density:
expect plateaus at commensurate v = (71) 2z/¢

1.00F ¢ =n/2 hard-core bosons ceees fully filled
SCCee————
0.79
= 0.50 | * particle-hole symmetry !
0.25 .
.0
v=1/2
0.00 | eeeec VaCuumM Il_Dosom.c
| | aughlin

-3 -2 -1 0 1 2 3



FQR-IPEPS: CORRELATION FUNCTION i

—1
— XB:4’XE:80
s | Xy =4 X, = 96
< XB:4,XE:120
I
55_4'
4§:
g

gapped bulk “fake” long-range tails

~ Hasik, et al., PRL 129, 177201 (2022
ElCy ~ 1.32 asik, et (2022)

fTTN: Gerster, et al. (MR), PRB 96, 195123 (2017)



FQH-IPEPS: EDGE MODES s

physical edge modes <==> |lowest entanglement spectrum
Li & Haldane, PRL 101, 010504 (2008)
_ _ -H
pr=Tr,(ly)w]) = e "en

' use bulk-boundary correspondence for (i)PEPS

v Cirac, Poilblanc, Schuch, Verstraete, PRB 83, 245134 (2011)
Haegeman & Verstraete, Ann. Rev. Cond. Mat. Phys. 8, 355 (2017)

T
I
=T} — p; = U\/GZTGM/GZTUT
I
T.
| =

- MPO with bond )(p%

_)/ l

- VUMPS techniques for ground

& excited at given momentum

Haegeman, et al., PRL 111, 080401 (2013)
Vanderstraeten, et al., SciPost Phys. Lect. Notes , 7 (2019)

— Sp(p) = Sp(oi0,) = Sp(—




FQR-IPEPS: EDGE MODES, CHIRAL! 7

physical edge modes <==> lowest entanglement spectrum
Li & Haldane, PRL 101, 010504 (2008)

particle-hole
O symmetry ! §

)

—1.0 —0.5 0.0 0.5 1.0
momentum/




FQR-IPEPS: EDGE MODES, CHIRAL! 7

physical edge modes <==> lowest entanglement spectrum
Li & Haldane, PRL 101, 010504 (2008)

sharper chirality

with more refined
approximation of
IPEPS contraction

0.0 0.5 1.0
momentum/



FQR-IPEPS: EDGE MODE COUNTING ”

physical edge modes <==> lowest entanglement spectrum
Li & Haldane, PRL 101, 010504 (2008)

finite discrete degeneracy for Laughlin expect
lind ==> ==> : chiral boson CFT counting,
cylinaer momenta COuntmg l.e., # integer partitions:

(1,1,2,3,5,7,11,15,...)

10.0 |
@ ! © g o . °
| ® © ' ° ®
7518 o © ’
: 3§

-log(A)

'\, 9 second branch at k<0
2.0 .\ g with doubled counting
1

o [©] (extra particle/hole)
0.0t \ 1 Cincio & Vidal,
o ' ' - ' PRL 110, 067208 (2013)
—1.0 —0.5 0.0 0.5 1.0

momentum /7



PROJECTED ENTANGLED PAIR STATES (PEPS)

FINITE SYSTEMS
VIA STOCHASTIC RECONFIGURATION

Alcalde Puente, et al. (MR), PRB 111, 195120 ('25) ‘WT*ifh




FINITE-PEPS: TDVP & MIN-SR 0

Imaginary-TDVP (a.k.a. natural gradient) for N, param. 0 (tensor entries)

N (8)) = ~H [¥(0)) - N sIH @), vse

- ~_
’ N _—_

-‘f Eloc
Os,i

not (exactly) solvable, since Np < dim(F#)

0 Best approx. by Ng relevant samples in #

L
OSI - Eloc
m'"w ”Z <'P|S> <‘P|s>

— Z pw (S) o, Eloc

SNp\p

2

smart pseudo-inversion by minSR [N < Np]
w (minimum-step Stochastic Reconfiguration)

L

Chen, Heyl,

e —1
6 =0NQO)" Fioc a1 ph. 20, 1476 (2)

T



FINITE-PEPS: SAMPLING, ISSUES & FEATURES

Vieijra, et al., PRB 104, 235141 ('21) (@ ()
J

X
=0

SE—s—%

()

N

C/@ /@ (




FINITE-PEPS: SAMPLING, ISSUES & FEATURES

Vieijra, et al., PRB 104, 235141 ('21 7\
| ey (@ —~
a Compute p(S;) g b
N I\
*Q/ i
O )

N

Cf
O

p(S1)



FINITE-PEPS: SAMPLING, ISSUES & FEATURES

Vieijra, et al., PRB 104, 235141 ('21) (@ ()
J

—) 9
a Compute p($;) <j<

/
0 Sample §; accordingly

N\
%

j@

N (
(

S
()

S1(

~




FINITE-PEPS: SAMPLING, ISSUES & FEATURES

Vieijra, et al., PRB 104, 235141 ('21) /')
o 9
a Compute p(S;) d N

0 Sample §; accordingly \Q\ A
J %
o Compute p(S,|S))

QS

)
C
)
K
)

j@

S1(
N NN
)\C/ SN\ r




FINITE-PEPS: SAMPLING, ISSUES& FEATURES

Vieijra, et al., PRB 104, 235141 ('21)
a Compute p($;)

0 Sample §; accordingly
o Compute p(S,|S))
0 Repeat until ;-

No autocorrelation
& parallelizable !!!




FINITE-PEPS: SAMPLING, ISSUES & FEATURES

Vieijra, et al., PRB 104, 235141 ('21)

A
B
O
O

Compute p($;)
Sample §; accordingly
Compute p(S,|S))

Repeat until ;-

No autocorrelation
& parallelizable !!!

Efficient contraction
by boundary-MPS
hot alwayspossiblel

Complexity transition,
retationto stat=mech, ..

Vasseur, ..., PRB 100, 134203 (‘19)
Chen, ..., PRX-Q 6,010312 ('25)
McGinley, ..., PRX 15, 021059 ('25)
Alcalde, ..., PRB 111, 195120 ('25)



FINITE-PEPS: SAMPLING, ISSUES & FEATURES

Vieijra, et al., PRB 104, 235141 ('21)

Q Compute p(5)) Efficient contraction
0 Sample §, accordingly by boundary-MPS
hot alwayspossiblel
e Compute p(S,|S))
0 Repeat until S;» Complexity transition,
No autocorrelation relationtostat-mech, ..
& parallelizable !!! Vasseur, ..., PRB 100, 134203 ('19)
W W Chen, ..., PRX-Q 6,010312 ("25)
000 Pahii McGinley, ..., PRX 15, 021059 ("25)

Alcalde, ..., PRB 111, 195120 ('25)
> Oss Original S Modified &
: Rydberg interactions o o;
: - at no extra cost !!!
/'_

1



FINITE-PEPS: FIRST BENCHMARKS 2

Alcalde Puente, et al. (MR), PRB 111, 195120 ('25)

Frustrated J, — J, model on square lattice
Hpvust = legi'§j+<]2 Z gzgj

Additional 4-body cyclic term

(4,7) {({2,5))
0.5
“ . ﬁ _ to stabilise a chiral spin liquid
0.0 £
. . . .
y § 3 05 Hcst, = Hirust + IA Z(Pijkl — Pz’jkl)
0.0 0.5 0.7 []

JQ/J1
%4 % 0.5
Systematic extrapolation of X 1o o
energy estimates & errors ¢ S =
-
—0.464 > < "g - -
x. ) D % 0.10 (ﬁ
—0.466 - x x..x e . ° ; : g 0.9
. —0.468'/ X% X : ® ; : 0.05 5
>—0.470- xx ’ 01
5‘0-472' ... e PEPS (L=8) 4 S
RV 4 © e (o 2 4 Hooo oo
—0.476 1 x  TTN (L=16)

0.0 05 1.0 1.5 2.0
var(H)/L* x10~



FINITE-PEPS: RYDBERG ARRAYS 2

\ Schroder, et al. (MR), in preparation
-------- i)

-~

{ . Q 1 V |
_ X _anl 42 N X Ah : Vi _
Q H = Z(zo-'x An’) + 2 Z |x,-—x,-|6n’n’ : [+) R_g_ Q

wr
i i#

lag)

—— 9 .
L » Distance
Rp

highly-tunable quantum simulators
- predicted to realize exotic phases

(frustration, topol. order, gauge th.,...)
- used to realize hi-fi qubits & QEC

‘ Subtle role of:

) truncation of long-range terms
(||) auto-correlation of samples

e.g., spin-glass on Kagome lattice!? ? e.g., spin-liquid on Ruby lattice 1?

Yan et al., PRL 130, 206501 ('23) L Verresen et al. Phys. Rev. X 11, 031005 ('21)
Hibat-Allah, et al., Comm. Ph. 8, 308 ('25) Semeghini, et al., Science 374, 1242 ('21)

"PXP’-model
StaggeLe_L
+o00, r<2a
V()= { 0, r > 2a

or
Iy SRl SES
44 trivial j\VBS
VT SL

3 3.5 4

A/Q




FINITE-PEPS: OTHER COOL APPLICATIONS

Liu et al.,

stripes in the 1/8 doped Hubbard model

(a) Horizontal Stripe: 10x16
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PRL 134, 256502 (2025)

(b) Vertical Stripe: 10x16
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d) Vertical Stripe: 12x16
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(f) Vertical Stripe: 16x16
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Liu et al.,

PRL 133, 260404 (2024)

strict variationality & volume-law
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D 8,12
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100 -
(8,8)

time cost

80

Dx)=(712) -~

16x16 J,- J2 model

-D=4
-D=5
- D=6
-D=7
-D=8

4?44-

o (D,x)=(6,12)
L (D0=(5,12)

+(6,10)

8) 1(5,10)

w
>
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5]
c
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0487,
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-0489F
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-0.491

2 4 6.8 10 12|
x

«(D.x)=(4,12) b
4(4,10)
(48)

(1)) = F*|¥(0)) TNF contraction direction

|¥(0)) = |0)®*

0.001
accuracy (E- E.o)/|E.«

MPS contraction direction

(b)12

0.01

10

...D...I MPS X=2 _I._TNF x=2|
b MPS y=4 —A—TNF x=4
=V MPS x=8 —v—TNF ¥=8+
=&~ MPS x=32 —e—exact

+ efficient representation of NQS



FINITE-PEPS: TDVP & MIN-SR .

trergirery-TDVP (a.k.a. natural gradient) for Ny param. 0 (tensor entries)

Real
) . 0 {(S|¥Y(8)) .
¥ (6)) = 4H [¥(6)) Y S¥E) 5 — _(s|1Hw(©6). VSe 7
: 96; - 7
~ v - —loc
Os, =5
Schmitt, Heyl,
NQS use this for real-time evolution... PRL 125, 100503 ('20)

& many more!

...why don't we try for finite-PEPS as well?

? How expensive is to get an accurate gradient? ?
= (imaginary evolution is way more permissive...) =



CONCLUSION

“Never give up on a dream just because of
the time it will take to accomplish it.

The time will pass anyway.”
[Earl Nightingale]
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OUTLINE
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X

x*

Overview of TN approaches for 2D

Tree Tensor Networks (TTN):
* Basic definitions & operations

% App 1: statics of (bosonic) fractional quantum Hall

* App 2: dynamics of interfaces (2D Ising)

* other applications & extensions

Projected Entangled Pair States (PEPS):
* Variational algorithm for infinite systems

* App: statics of (bosonic) fractional quantum Hall

% Stochastic reconfiguration for finite systems

Conclusion



